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Introduction Vi1

So I pass from a task, which has filled the greater part of many years of my life, which has

broadened in my view as they passed, and which has suffered interruptions that threatened to

end it before its completion. Many of its defects are known to me; after it has gone from me,

others will become apparent. Nevertheless, my hope is that my work will ease the labour of

those who, coming after me, may desire to possess a systematic account of this branch of pure
mathematics.

A. R. Forsyth

Trinity College, Cambridge

October, 1906.

Introduction

This work is about geometrical optics though it shall extend into some fundamental areas of
physical optics as well. It makes heavy use of several branches of mathematics which, perhaps,
the reader will find disturbingly unfamiliar. These I will describe with some care but with only
lip service to mathematical rigor and vigor.

Keep in mind that geometrical optics is a peculiar science. Its fundamental artifacts are
rays, which do not exist, and wavefronts, which indeed do exist but are not directly observable.
A third item is the caustic, a surface in image space which is certainly observable, defined
variously as the envelope of an array of rays associated with some point object, the locus of
the principal centers of wavefront curvatures, or as the locus of points where the differential
element of area of a wavefront vanishes. Of course, these wavefronts must be in a wavefront
train generated by a lens and associated with some fixed object point.

The peculiarities of geometrical optics go even further. Rays, which do not exist, are
trajectories of corpuscles, which also do not exist. These trajectories, according to the principle
of Fermat, are those paths over which the time of transit of a corpuscle, passing from one point
to another, is either a maximum or a minimum.

Yet it works. Geometrical optics, anachronistic as it is, remains the basis for modern
optical design, the highly successful engineering application built on the sandiest foundation
imaginable. There is hardly one area of modern science in which instruments are used whose
design depends ultimately on Fermat’s postulate on the intrinsic laziness of mother nature.

In what follows I shall use a method best described as axiomatic, the axiom being Fermat’s
principle. This we must modify, however. Since point-to-point transit times can be maxima as
well as minima we must use, in the language of the Calculus of Variations, extrema (singular:
extremum) as our criterion in applying Fermat’s principle.

Indeed the interpretation of the principle of Fermat in terms of the language of the variational
calculus will lead us to ray paths in inhomogeneous media; media in which the refractive index
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VIII Introduction

is a continuous function of position. These ray paths will be expressed in the form of a system
of ordinary differential equations that can be applied to any specified media.

These ray paths are then subject to analysis using the techniques of the differential geometry
of space curves. Using these differential equations for a ray path we can deduce its shape and
its relationship to the refracting medium itself. From these results we can determine, quickly
and easily, the nature of rays in, say, Maxwell’s fish eye.

From here we pass on to the Hilbert integral, developed originally for dealing with the
problem of the variable end point in the Calculus of Variations. This very rich theory leads us
to a number of very important deductions in geometrical optics; conditions for the existence
of wavefronts, Snell’s law, The Hamilton-Jacobi equations (though both Hamilton and Jacobi
preceded Hilbert by as much as a half century), the eikonal equation, among others. In this
context the theorem of Malus becomes trivial. From this context Herzberger recognized the
importance of the normal congruence or the orthotomic system of rays.

With the concept of the wavefront in hand we proceed to the differential geometry of
surfaces and to partial differential equations of the first order. One such is the eikonal equation,
mentioned above, obtained from the Hamilton-Jacobi equation, for which we find a general
solution descriptive of any wavefront train in a homogeneous optical medium; one with a
constant refractive index.

In terms of the differential geometry of surfaces we can find, for the general wavefront
train, wavefront principal directions and curvatures. This leads to the important concept of
the caustic, that surface that is the locus of the principal centers of wavefront curvature. In
the caustic resides all of the monochromatic aberrations associated with a wavefront train and,
ultimately, with the lens and object point that give rise to it. The structure of this caustic
describes completely the image errors: spherical aberration, coma and astigmatism. Its
location in space indicates the field errors; distortion and field curvature.

Along the way we look at generalized ray tracing, more properly, a generalization of the
Coddington equations, that determines the principal directions and principal curvatures at any
point on a wavefront through which a traced ray passes.

This we apply to the prolate spheroid, a rotationally symmetric ellipsoid generated by
rotating an ellipse about its major axis. This leads to a reflecting optical system, consisting of
two confocal spheroids, that I have called the modern schiefspiegler.

We also look at Herzberger’s fundamental optical invariant and his diapoint theory and
apply it to the representation of wavefronts obtained form the solution of the eikonal equation.
This leads to a hierarchial system of aberrations.

The canon that I have described here, based on Fermat’s principle, omits many important
items. Outstanding among these is paraxial theory and paraxial ray tracing. Although is it is
of tremendous practical importance, it is based on an approximation that, in my opinion, does
not belong here.

A far more fundamental omission is Gaussian optics, in particularly, its model as developed
by Maxwell. He began with certain assumptions about perfect lenses from which he represented
perfect image formation by a fractional-linear transformation. Upon assuming that his perfect
lens is rotationally symmetric, he was able to derive its cardinal points; the foci, the nodal
points and the principal points.



Introduction X

Other omissions are the Seidel aberrations and their higher order extensions. These are
from a solution of the eikonal equation in the form of a power series that has never been shown
to converge.

Huygens’ principle is omitted. It is clearly independent of any corpuscular concepts and is
based on wavefront propagation as the envelope of spherical wavelets, which also do not exist,
centered on a previous position of the wavefront. It also leads to Snell’s law. It was for many
centuries the main competitor to Fermat’s corpuscules.

But nowadays the photon incorporates the best of both the corpuscule and the wavelet,
a compromise that has resulted in a far more useful theory with applications far beyond the
dreams of Fermat and Huygens.



Part I

Preliminaries
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1 Fermat’s Principle and the Variational Calculus

In the seventeenth century light was believed to be a flow of corpuscules, ‘little bodies’;
their trajectories were called rays. Pierre de Fermat asserted that Nature was intrinsically
lazy and that those corpuscules ‘chose’ a trajectory that made their time of transit from point
to point a minimum. We refer to this anthropomorphism as Fermat’s Principle. It was a
successful hypothesis. With it, Fermat was able to derive the law of refraction, Snell’s law, in
an economical and precise way.'

The connection between Optics and the variational calculus came some years after Fermat
when the Swiss mathematician Jacob Bernoulli proposed a problem, the brachistochrone, and
offered a prize for its solution. Consider a rigid wire connecting a pair of points, fixed in space,
on which a bead slides under the force of gravity but without friction. The problem was to find
that shape of the wire for which the time of transit of the bead, from one point to the other, was
a minimum.?

The connection between geometrical optics and Fermat’s principle is clear. Jacob’s solution
was to calculate the vertical force on the bead, taking into account the constraint imposed by the
rigid wire. He related this force to an index of refraction function that depended on the height
of the bead on the wire. He partitioned the space between the initial and terminal points into
horizontal lamina each having a constant refractive index that was determined by its height.
Then he could use Snell’s law to trace a ray down from the initial point, resulting in a polygonal
ray path that approximated the desired solution. As the number of lamina increased and as
each thickness approached zero, the polygonal figure approached a continuous curve which
was the desired shape of the rigid wire. This curve turned out to be an arc of a cycloid.?

Jacob Bernoulli was very pleased with his solution, so much so that he awarded to himself
the prize that he had offered, and disregarded the efforts of his brother Jean, who also solved
the brachistochrone problem, from an entirely different point of view.

Jean made use of the newly discovered differential calculus and the fact that the first
derivative of a function vanishes at its maximum or minimum value. He expressed the time of
transit of the bead from the initial point to its terminal point as a an integral of the reciprocal
of its velocity. The first derivative of this integral must vanish at a minimum and he obtained
conditions that the solution curve must satisfy. Subsequently Leonard Euler extended Jean’s

I'Sabra 1967, Chapter V. An account of the history and background of Fermat’s principle.

2Bliss 1925, pp. 65-72. Caratheodory 1989, pp. 235-236 uses the Hamiltonian which we will encounter in
Chapter 3. Woodhouse 1964, Chapters I and II provides a more detailed historical account. Courant & Robbins
1996, pp. 381-384. In Smith 1959, pp. 644655 there is an English translation of Bernoulli’s original paper and
announcement.

3Bliss 1946, Chapter VI. Jean’s use of the calculus in generating the variational calculus.
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4 1 Fermat’s Principle and the Variational Calculus

method to more general problems and obtained differential equations for their solution. Jean’s
method can rightfully be called the beginning of modern Calculus of Variations.*

It is natural to refer to a solution of a variational problem as an extremal arc or more
simply as an extremal. We will interpret the principle of Fermat in terms of the language of the
variational calculus and apply modern mathematics to that basic axiom of geometrical optics
and develop it as far as we can.

1.1 Rays in Inhomogeneous Media

We have seen that the basic assumption of geometrical optics is Fermat’s principle: A ray path
that connects two points in any medium is that path for which the time of transit is an extremum.
To be more explicit, out of the totality of all possible paths connecting the two points, A and B,
a ray is that unique path for which the time of transit is either a maximum or a minimum. Of
course if A and B are conjugates, if B is a perfect image of A, then the ray path is not unique;
every ray passing through A must also pass through B.

The time of transit between two points, A and B, is given by the equation

B Bd B d
T:/dt:/—sz/—s7 (1.1)
v C
A A A

where cis the velocity of light in vacuo, v its velocity in the medium through which it propagates
and n the refractive index of that medium. The arc length along the ray or trajectory is s. The
optical medium is said to be homogeneous if n is constant; it is inhomogeneous but isotropic
if n is a function of position. It is anisotropic if the refractive index of the medium depends
on the ray’s direction.

The convention most used is to drop c from the equations and to use the optical path length
I, instead of the time of transit T, as the variational integral. Thus

B
I = /nds. (1.2)
A

In what follows we take the medium to be inhomogeneous so that the refractive index
is a function of position n = n(x, y, z). A possible path connecting A and B is given
parametrically by the three coordinate functions z(t), y(t), z(t) where the choice of the
parameter ¢ is entirely arbitrary. If A has the coordinates (a1, as, a3) and B, (b1, b, b3) then
it must be that

x(to) = a1, y(to) = a2, 2(to) = as,

(1.3)
x(ty) = b1, y(t1) =ba, 2(t1) = bs,

“Bliss 1946, Chapter I. Bolza 1961, Chapter 1. Clegg 1968, Chapter 3.



1.2 The Calculus of Variations 5

so that

t1 t1

I(A, B) = /n(m, y, z)ds = /n(:lc7 Y, z)%dt, (1.4)

to to

where the Pythagorean theorem gives us

ds
%:stzw/x%yﬂzg. (1.5)

Here, the subscript (;) denotes differentiation with respect to the parameter ¢. This subscript
notation for both ordinary and partial differentiation will be used extensively in what follows.

In these terms then the problem is to find that curve, given by x(t), y(t), z(¢), for which
I(A, B)is an extremum.

1.2 The Calculus of Variations

This problem is a special case of a more general problem that belongs to that body of mathe-
matics known as the Calculus of Variations. That more general problem is to find the curve in
space, given by y(x), z(x) for which the integral

b
I= /f(m, y(x), 2(2), Yo (@), 20(x))dz, (1.6)

is an extremum. The function f is always known since it is determined by the nature of the
problem; for example, in Eq. 1.4, f is equal to n(z, y, z)ds/dt.

Here we need to find expressions for y(x) and z(z) that make Eq. 1.6 an extremum. First
assume that 7(z) and Z(z) represent a solution, a curve for which Eq. 1.6 is an extremum. In
addition let n(z), ¢(x) be any two functions, sufficiently differentiable, such that

=n(b) =0,
n(a) = n(b) 07
¢(a) = ¢(b) = 0.
Now form a one-parameter family of curves given by
y(@) =y(@) + hn(x),  z(x) = =)+ h((z), (1.8)

where h is the parameter. By virtue of Eq. 1.7 these curves all pass through the end points
of the integral; when the parameter h is zero we have, by definition, the solution curve. We
replace y(z) and z(x) in the variational integral, Eq. 1.6, by using Eq. 1.8 to get

b
1(r) = [ f(= 92) + hn(@), 2(z) + h (@),

T (@) + hne (@), Zo(@) +h Cule) ) d. (19)
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Because of our construction, if h = 0 then [ is at an extremum value and, for that value of h,
dI/dh must vanish. We calculate this derivative, set it equal to zero and get, from Eq. 1.9

dI /{8f +gc+ of +fcw}x:0_ (1.10)

%ho

Apart from the properties given in Eq. 1.7, the functions n(z) and { () are entirely arbitrary,
a fact that will be important later.
We expand Eq. 1.10 using integration by parts. Recall that,

b b b
/udv:uv f/vdu,
so that
[ of rof 1° of
/a—yndz: {n/aydl’}a/ {/8 dm]nrdax (1.11)

Since 7 vanishes at a and b, the first term vanishes. In exactly the same way we get

/ﬂgd /{/gfdx} Code. (1.12)

a a a

Substituting Egs. 1.11 and 1.12 into Eq. 1.10 results in

b z
/{[gy]; - gfd} e {;Z Zf ]Cx}dw=0- (1.13)

a

Note that if the quantities in brackets are constant then the integral vanishes and the condition
is satisfied.

This condition is also sufficient. Recall that our choice of the functions n and ( is com-
pletely arbitrary. For the integral to vanish for all possible choices of these functions then the
coefficients of their derivatives in Eq. 1.13 must be constant.” We conclude that

of 5f
3yx 8 dx = constant
“ (1.14)
of 8f
62@ 5 dx = constant.

a

SBliss 1946, pp. 10-11 calls this the Fundamental Lemma of the Calculus of Variations. 1 believe that the proof
given here is simpler.



1.3 The Parametric Representation 7

If f possesses second derivatives we get the Euler equations

4 0f o
de Oy, 9
(1.15)
4o o
dx 0z, 9%’

a pair of simultaneous ordinary differential equations. Recall that f describes the nature of
the particular problem and therefore must be known. The solution is an extremal arc that
connects the fixed initial and terminal points. Each pair of these end points provide boundary
conditions that define a solution. The aggregate of all such solutions to Eq. 1.15 is called a
field of extremals.

We will need yet another relationship. The total derivative of f with respect to x is

o of of _of . of of

ar - ow T Y T T By, V" + 9z, e
=5 * [+ )+ e e
_ % %[ngyi Zx%}, (1.16)
in which we use the Euler equations, Eq. 1.15 to get
g—i:%[f—yz%—zm%]. (1.17)

1.3 The Parametric Representation

The problem can also be expressed in parametric form.® We represent the arcs connecting
the two end points, A and B, by the coordinate functions z(t), y(¢) and z(t) of the arbitrary
parameter ¢. It must be that when ¢ = a, all possible arcs must pass through A and when ¢ = b
they must all pass through B. With this proviso the variational integral becomes

b
I'= /f(x(f% y(t), 2(t), (), ye(t), z(t))dt. (1.18)

It is important, indeed vital, to understand that the parameter ¢ must be applied uniformly
to all of these possible paths connecting A to B. The choice of the parameter ¢ is unimportant
and can be anything convenient.

However the choice of ¢ cannot effect the statement of this variational problem and therefore
any transformation of ¢ must leave the structure of Eq. 1.18 completely unchanged. To show
this 7 we use the reductio ad absurdum argument; we assume the contrary and demonstrate a
contradiction. First assume that f does indeed depend explicitly on ¢ so that it takes the form

F=1t at), y(t), 2(t), 2e(t), ye(t), 2(t)).

©Bliss 1946, Chapter V. Bolza 1961, Chapter IV. Clegg 1968, Chapter 7.
Bliss 1946 Chapter V. Theorem 41.1.
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If we apply a linear transformation to ¢, say, t — 7+ h, then the variational integrand becomes,
F(T+ha(r + h)y(r + h)2(7 + h),27 (T + h)yr (T + h),27 (T + h)) dr.

Since the differential of 7 cannot contain the constant & the transformed variational integrand
does not have the same structure as the original version. This contradiction proves that f cannot

depend on ¢ explicitly.
We can take this a little further. Suppose the transform involves a factor as in, say, t — h7
so that the variational integrand takes the form,

f(l‘(hT), y(ht),2(h7), z (h7)/h, y-(hT)/h, Z-,—(hT)/h)th.

Compare this expression with the integrand in Eq. 1.18. For this expression to have the same
structure as the original variational integrand, f must be a homogeneous function® of z;, y;, 2;.
That is to say,

f(xa Y, ZvAxb Ayt, >\Zt) = )\f(zv Y, 2, Tty Yt Zt)-

Taking the derivative of this expression with respect to A, then setting A = 1, yields

f:xtg—i+yt§—i+ztg—i7 (1.19)
showing that f must indeed be a homogeneous function in (x¢, y¢, 2¢).

To summarize these results: A variational problem in terms of a parameter ¢ cannot depend
on t explicitly; moreover f must be a homogeneous function in x;, y; and z;.

In Chapter 5, in which we look at partial differential equations, we will show that a general
solution of Eq. 1.19 is obtainable and that the solution is indeed homogeneous; the condition
is therefore sufficient as well as necessary. Observe that Eq. 1.19 is the analog of Eq. 1.17
which, in this parametric case, is trivial.

Again we assume a solution, Z(t), 7(t), Z(¢) and choose arbitrary functions £(t), n(t), {(t)
that vanish when ¢ = a and when ¢ = b, then form the variational integral

b
I(h) = /f(fc +h&,y+hn,z+h(, &+ h&, §r + hne, Z + hp)dt. (1.20)

We go through the same steps as before and get

d49f _of
dt dz; Oz
dof _of
5 = By (1.21)
da9f _9of
dt 0z 0z’

the Euler equations for the parametric case.

8Rektorys 1969, pp. 454-455.
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1.4 The Vector Notation

The vector notation simplifies greatly the results obtained for the parametric case. Suppose we
have some differentiable function f(x, y, z). Then its total differential is,
0 0 0
fd + 9f —fdz.

(Of course f can have any number of independent variables but for our purposes three is exactly
right.) This can be written as a scalar product of two vectors,

_(9f 9f of
The left vector we identify as the gradient of f
_ (91 of of
Vf= (%, 9y 9z ) (1.22)

If welet V = (z, y, z) then the total derivative in vector form is
df = Vf-dV. (1.23)

When cast in vector form the results of the last section assume a much more compact form.
We first define the vector function of the parameter ¢,

P(t) = (x(t), y(t), 2(t));

its derivative with respect to ¢ must then be,

Py(t) = (z:(t), ye(t), z(t)),

and the variational integral defined in Eq. 1.18 becomes

I:/f(P, P,)dt. (1.24)

Moreover, as was shown in the last section, f must not depend on ¢ explicitly and it must also
be homogeneous in P;.
Next, define two vector gradients according to Eq. 1.22

oy = (201 01,

oz’ dy’ 0z
(1.25)
oy (25 0f of
v a$t7 8yt’ aZt '
Applying these to Eq. 1.21 we get the vector form of the Euler equations
iv f=Vf (1.26)
dt t — . .

Because f is homogeneous in P it must be that f = V, f - Py, this from Eq. 1.19.
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In conclusion one might say that the application of the Calculus of Variations consists of two
parts; stating the question and getting its answer. The question part is finding the f-function
appropriate to the application. The solution to any of the forms of the Euler equations provides
the answer.

Of course this is only the briefest introduction to the variational calculus. We have dis-
cussed here only those elements that are directly relevant to problems that we will encounter
subsequently in geometrical optics, such as rays in inhomogeneous media which follows next.

1.5 The Inhomogeneous Optical Medium

Now we apply the version of the Euler equations in Eq. 1.26 to the problem of rays in a
medium in which the refractive index is a function of position ? as indicated in Egs. 1.4 and
1.5. Evidently f(P, P;) = n(P)(ds/dt) = n(P)+/P2 which establishes f for this particular
problem.

We must emphasize that in this context P(t) is a vector function representing all possible
paths in the medium. Our problem is to find those particular paths that satisfy the Euler
equations; those are the rays in this medium.

We cannot use s as the parameter in the statement of the variational problem because each
possible arc will have a different geometrical length. A requirement for the application of these
methods is that the parameter be uniform for all such curves. But s is not uniform so we must
use a different parameter, say ¢, that is uniform over all possible arcs. This leads us to the
following expressions

V=P Va(P),  Vif =n(P)

(1.27)

Substituting these into Eq. 1.26, the vector form of the Euler equations, we get

d Pt 2
. <n(P) \/F§> — /P Vn(P). (1.28)

But ds/dt = \/P? so that, reverting back to the arc length parameter s, Eq. 1.28 becomes
d s dP
—(n—) =Vn. 1.2
ds (n ds ) v (1.29)

This is the ray equation for an inhomogeneous medium. Provided that second derivatives exist,
it can be expanded further

nP,, + (Vn-P,)P, = Vn. (1.30)

As always, we use subscripts to signal differentiation.

Equations 1.29 and 1.30 are ordinary differential equations for rays in a medium whose
refractive index is a function of position and is continuous and differentiable in the variables
z, y, and z. An example of such is the fish eye of Maxwell which follows.

9Stavroudis 1972a, Chapter II. Luneburg 1964, pp. 164172 discusses the special case where the medium has
central symmetry.
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1.6 The Maxwell Fish Eye

The ray equation, Eq. 1.29, works very well with Maxwell’s fish eye.!° The eye of a fish
operates in water, a medium with a refractive index much higher than that of air, yet its lens
is flat. This suggests that the eye of a fish, flat and immersed in a medium with a relatively
high refractive index, has a low optical power implying a long back focal distance. Yet the flat
structure includes the retina that then requires a short back focal distance. To explain away
this paradox Maxwell postulated that the optical medium of the fish eye had a refractive index
function in the following form

1
P)=—7+ 1.31
n(P) = T3 (131)
so that its gradient is
2P
= . 1.32
Vn TESEE (1.32)
Plugging this into the ray equation, Eq. 1.29, yields
d P, —2P
— : = 1.33
ds {I—FPQ} (1+P2?)2’ (1.33)
which quickly becomes
1+ PP, —2(P-P,)P, +2P =0, (1.34)
whose derivative is
(14+P?*P,, — 2(P - Py, )P, = 0. (1.35)

I do not know whether the fish eye is accurately described by this model or whether fish
are even aware of the existence of these equations but as an example of an application of the
Calculus of Variations to geometrical optics it will suffice.

We will contemplate these equations further in Chapter 2 which is concerned with the
Differential Geometry of Space Curves.

1.7 The Homogeneous Medium
We can use Eq. 1.30 to handle the case where the refractive index n is a constant so that all its
derivatives are zero. Then Eq. 1.30 degenerates to
P, =0, (1.36)
a linear, ordinary differential of order rwo in vector form whose general solution must be
P(s) = As+ B, (1.37)

where A and B are vector constants of integration.
This is clearly a straight line showing us (as if we didn’t already know!) that rays in
homogeneous, isotropic media are, indeed, the shortest distance between two points.

0L uneburg 1964, pp. 172-182. Stavroudis 1972a, Chapter IV.
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1.8 Anisotropic Media

In a certain sense the anisotropic medium is an analog of the inhomogeneous medium. In
the latter medium the refractive index is a function of position and it can be represented by
n = n(P) while in the anisotropic medium it depends on a ray direction!!. If P, is a unit
vector in the direction of a ray then it must be that n = n(P), superficially resembling the
inhomogeneous medium but making an enormous difference in the variational integral and the
Euler equations. Following Eq. 1.24 the variational integrand takes the form

F(Py) = n(P,)ds/dt = n (;}%) N (138)

so that, in Eq. 1.26, V f = 0 and the Euler equation becomes

n Py P?
VP

The leading component of the gradient is,

o
n - P2
(fP%) ﬁ]
\/7[8nP2 xf_@n Teyr  On apz }—I—n Ty
P2 3/2 ays (P%)3/2 aZs (P?)B/Q \/SL'%
_on 1 on N on n on 4t
i [“)xs Y oys ays 0z, azs

d d

v =g

=0. (1.39)

Vi

of @

aﬂ?t - aﬂ?t

= 2.~ pa¥ n—xg
_8n7x x@Jr on n+n;v
- Oz, 7 O Ys 0Ys 0z s
0
= 35 —25(Ps - Vsn) + nas.
We do the same thing with the other two partial derivatives in V, f to get
of on
5. — — L Ps * Vs s
0z, ~ 0z, xs( Vsn) +nx
af on
— = —ys(Ps - Vgn) + nys (1.40)
o0~ 0. Y ( ) +ny
af on
a. = — %s Ps " Vs R
92~ o zs( Vsn) +nz

or, in vector form
Vif =Vin—Py(Ps-Vin)+Pen

1 Avendafio-Alejo and Stavroudis 2002.
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=P, x (Vyn x P,) +P,n. (1.41)

From Eq. 1.39 the derivative of Eq. 1.41 must vanish. It follows that there must exist a
vector A that is independent of ¢ (and therefore independent of s) so that

P, x (Vin x Py) +Pyn = AL (1.42)
The scalar product of this with P yields

n=A-P,. (1.43)
It follows from this that

Ven =A. (1.44)

This is about as far as we can go without making contact with physical reality; without taking
into account the interaction of light with a physical medium.
From Egs. 1.43 and 1.44 we can get

n=Vsn- Py, (1.45)

a linear, first order partial differential equation that indicates that n must be a homogeneous
function. But this is jumping the gun. We will show this and more in Chapter 5 on First Order
Partial Differential Equations.

In this chapter we have covered a great deal of territory. We have studied the Calculus
of Variations with fixed end points and its parametric representation and then on to a vector
notation. This was then applied to inhomogeneous optical media inhomogeneous in general
and to Maxwell’s fish eye in particular. We have shown that in a homogeneous medium rays
are straight lines. In a final brush with anisotropic media in we get inklings of some of the
basic flaws in geometrical optics. But we also have laid some foundations on which will be
erected new material in subsequent chapters.



2 Space Curves and Ray Paths

In the last chapter the Euler equations from the Calculus of Variations were applied to Fermat’s
principle. This led directly to the ray equation for an inhomogeneous medium, a system of
second order ordinary differential equations.

Since these rays lie in an inhomogeneous medium they must be space curves and not straight
lines and therefore in this chapter we will study curves in three dimensions. Once the general
properties of these curves are developed they will then be applied to ray paths using the Euler
equations, Eq. 1.29, that define them.

2.1 Space Curves

In Chapter 1, in the section on the parametric version of the Calculus of Variations, we intro-
duced the idea of a vector function of a single parameter. We do the same thing here. Consider
a vector as a function of a parameter ¢

P(t) = (z(t), y(t), 2(t)). 2.1

Note that the end point of P(¢) sweeps out an arc as ¢ varies. Figure 2.1 represents such a
curve in three dimensions.

We will be concerned with the tangent to such a curve. The Euclidean definition of the
tangent is that it is a straight line that touches a curve without crossing it. But consider a curve
in the form of the letter S. In the upper part the tangent is clearly on the left side of the curve; in
the lower part it is on the right. At some point the tangent sliding along the curve must change
sides and at that point, the inflection point, it must cross the curve. At an inflection point the
Euclidean definition of a tangent fails.

This paradox was resolved by Pierre de Fermat who defined the rangent by a limiting
process. In his treatment, a chord connects two points, a and b, on the curve, as shown in
Fig. 2.2. Hold a fixed and allow b to approach a along the curve. The limiting position of
the chord is defined (by Fermat) to be the tangent to the curve at point a. It’s quite possible
that if Fermat had lived longer it would have been he who discovered the differential calculus.
Consider the following.

Let the point a be represented by the vector P(¢) and the point b by P(t + At). The
difference, P(t + At) — P(¢), is the vector representing the chord connecting a and b. The
limit of the difference quotient

P(t+ At)—P() dP

A Al = a (2:2)

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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is exactly the derivative of P with respect to ¢, and at the same time, according to Fermat’s
definition, a vector tangent to the curve at point a.

We can go alittle further using a more modern notation. Let Ak= \/ (P(t+At)—P(t)) At
be the differential of the length of the chord. From the mean value theorem there exists a £, so
that (P (¢t + At) — P(t) = P;(¢)At where the subscript, as always, signals the derivative. It
follows that

Ak = /P, (8)2 At. 2.3)

Note that as b approaches a these two quantities approach each other so that we may write

Ak V(PG + Ay - P(1)?

lim — = lim
At—0 As At—0 As

=1. (2.4)

Now we normalize the difference quotient in Eq. 2.4 making it a unit vector

P(t+AH)-P(r) _ PUSERO 25
\/(P(t + At) — P(t))2 —\/(P(Hitt)_P(t))z
whose limit as At approaches zero is
dP ;ds dP
il el 2.
dat/ dt ds’ (2-6)

the unit tangent vector. The parameter s is then the arc length that we had encountered in the
last chapter; the derivative of P with respect to s is the unit tangent vector to the curve. By
squaring both sides of Eq. 2.6 we find that

i

rRRIEAR

2.7)

Arc length is then a natural parameter to be used with space curves and in what follows it will
be used exclusively; the derivative with respect to s will be denoted by the subscript (). Recall
that s is also the parameter most convenient for the ray equation, as indicated in Egs. 1.29 and
1.30. These two equations will be used later on.

2.2 The Vector Trihedron

The derivative P is the unit tangent vector that we shall designate by

dp
t_

= 2.8)
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&

Figure 2.1: The Vector Function Generates a Curve.
P(t) = (x(t), y(t), 2(t)) is a vector function. Each value of ¢ produces a different vector P (t)
originating at the coordinate origin. The locus of the end points is the generated curve.

From the fact that t? = 1 it follows that t - t, = 0 so that t, is perpendicular to t. Define n as
the unit normal vector in the direction of ts. Then we may write

@:tszln, 2.9
ds p
where 1/p is the rate of change of t as s increases. Now hold fixed the point P(s) (as well
as s) and mark off the length p along the unit normal vector n. For very small changes in
s we can think of t as rotating around the point P 4+ pn. The circle centered at this point
with radius p is called the osculating circle; the plane determined by the vectors t and n is the
osculating plane. At the point P(s) the curve and the osculating circle are tangent and also
have a common radius of curvature p; therefore, 1/p is their curvature.
With t and n we define the unit binormal vector

b=txn. (2.10)

Analogous to the osculating plane, the normal plane is the plane determined by n and b; the
rectifying plane, by t and b.

It is appropriate here to define a regular point on a curve as a point where t, n and b
are defined and are single valued, thus excluding points that are cusps or tack points or may
otherwise cause embarrassment.

Now t, n and b are unit vectors and are mutually perpendicular. These then constitute a
set or orthonormal vectors, often referred to as the vector trihedron, ! located at each point on
the space curve, as shown in Fig. 2.3, and can be visualized as sliding along the curve as the
value of the parameter s increases. We next find its properties.

IStruik 1961, pp. 19-23. The illustrations on pp. 19 and 21 are particularly useful.
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P(t + dt)

Figure 2.2: The Derivative of a Vector Function is a Tangent.

Let the endpoint of P () be point a; that of P (¢ + At) be point b. The difference between the two vectors
is the chord oo — b. As At — 0 point b approaches point a. The limiting position of the chord a — b is
the tangent at point a. The limit of the quotient formed by the vector difference and the arc length of the
unit tangent vector to the curve at point a; this limit is also the derivative of the vector function P with
respect to s.

2.3 The Frenet-Serret Equations

At every regular point on the curve the vector trihedron can serve as a local coordinate system;
any vector through that point can be represented as a linear combination of t, n and b. We do
this with the derivative of n so that

ng = at + On + vb, (2.11)

where the coefficients are to be determined. Since n? = 1, it follows that n- ng = 0; when we
multiply Eq. 2.11 by n we see that 5 = 0. Since t - n = 0, its derivative must also equal zero;
t-ng +ts-n = 0. By multiplying Eq. 2.11 by t we gett - ng = « = —ts-n = —1/p. Since
n - b = 0 its derivative gives us ng - b+ n - by = 0 which results inng - b =y = —n - bg.
With a similar calculation with b - t we get that bg - t = —t5 - b = 1/p. From this and the
nonvanishing of n - b, we see that the change in b is also in the direction of n; b therefore
follows a twisting motion around the unit tangent vector t as it slides along the curve. We call
this rate of twist the curve’s forsion which we denote by 1/7. Then, in Eq. 2.11, v = —1/7.
These results constitute the Frenet-Serret equations.> In matrix form they are

ts 0 1/p 0 t
n, [=|-1/p 0 1/7||n (2.12)
bs 0 *1/7’ 0 b

The vector trihedron slides along the space curve, much as an airplane glides along its
flight path, moving in the direction of t, a wing as its normal vector n and with b as its vertical
stabilizer (or is it the other way around?), pitching and rolling as it moves along. The rate of
roll is the torsion 1/7; its pitch is the curvature 1/p.

2Struik 1961. Chapter 1. Struik uses a different notation. & is 1/p in our notation and 7 is forsion rather than 1 /7.
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2.4 When the Parameter is Arbitrary

Later on we will need to consider the case when the arbitrary parameter, which we will call ¢,
cannot be transformed easily into the arc length parameter s. The relationship between these
two parameters is determined by a total differential equation. If its solution is not obtainable
or it is extremely complicated then it is necessary to refer t, n and b back to the original
parameter ¢.

Refer to Eqgs. 2.6, 2.8 and 2.9 and get

t=P,=P,/,/P2 (2.13)

from which comes

1 1 1

p VP?
B Pt X (Ptt X Pf)
- (PR

PPy — (P, Py)Py]

which reduces further to the curvature
1 1

; = ﬁ\/ (Ptt X :Pt)Z7 (214)
t

and to the unit normal vector

n= L x®uxP) (2.15)

VPP x Py)2

We use Eqgs. 2.17 and 2.19 to get the binormal vector

b—txn— Pt PtX(PttXPt) _ PttXPt (216)

VP? g VP2/(Py x Py)? __\/(Ptt xPy)?

Finally we come to the calculation of the torsion. For this we use the third equation of Eq. 2.12
for the derivative of b and take the derivative of Eq. 2.16 to get

1 b P P,)-P
bs = —n= to— ( ttt X t) it P, x (Ptt X Pt),

== t
T Vv P? /P?[(Ptt « Pt)ﬂ 3/2
which, when compared with Eq. 2.15 yields

1 (Pttt X Pt) Py
- 2.17
T (Ptt X Pt)2 ( )

These calculations give us curvature, torsion and the three orthogonal vectors of the trihe-
dron in terms of the parameter ¢.
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Figure 2.3: The Vector Trihedron. Showing the vectors t, n and b at several points on the curve. Each
forms a vector trihedron; this can be used as a local coordinate system.

2.5 The Directional Derivative

Recall the expression for the total differential of a function f(V'), as given in Chapter 1, from
which we got the total derivative

df dv
1.2 A L2
(1.23) dt Vi dt
We can interpret this as the derivative of f in the direction of 'V, written as
fie=(Ve-V)f, (2.18)

where we take (V- V) as the differential operator for the directional derivative.> This can be
extended to vectors as follows:

W, = (V;- V)W, (2.19)

in which (V; - V) is applied separately to each element of W. This we read as the derivative
of W in the direction of V. Now the gradient of a vector is not easily defined; nevertheless
the definition of the operator (V; - V) presents no difficulties.

The Frenet-Serret equations, stated in terms of the directional derivatives, are

1
t-V)t=-n
(t-V) p
(t-V)n=——t+ b (2.20)
p T
(t-V)b=——
= Tn.

These will be used in subsequent chapters.

3A more careful definition of the directional derivative or the Gdteaux Variation can be found in Troutman(1983),
pp. 44 et seq.
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Figure 2.4: The Cylindrical Helix. P(t) = (rcost, rsint, kt) a spiral inscribed on a cylinder.

2.6 The Cylindrical Helix

To illustrate all this consider the helix, a curve inscribed on a circular cylinder of radius . We
will show that its curvature and torsion are constant. We take the axis of the cylinder to be
along the z-axis so that a section parallel to the x, y-plane is a circle whose radius is 7. The
‘pitch’ of the helix shall be the constant £ so that in vector notation the appropriate equation is

P(t) = (rcost, rsint, kt) (2.21)

where t is the variable parameter.* This is shown in Fig. 2.4.
The arc length parameter s is therefore given by

(ds)? = P? = (r? + k?)(dt)?, (2.22)

which reduces to an exact total differential equation (to be treated in greater detail in Chapter 3)
so that the relationship between s and ¢ in finite terms is
s
t = ——, (2.23)
Vr? + k2

which lead us to the vector equation in terms of s

S . s ks
P(s) = <r cos <m>,r51n (\/1"2 — k2)7 T kz). (2.24)

In what follows we will retain the use of the parameter ¢. The first derivative of P with respect
tosist

1
Ve 4+ k2

4Stavroudis 1972a, pp. 33-35. A far more detailed study of the helix is in Struik 1961, pp. 33—35 with an illustration
onp. 13.

P,=t= (=rsint, rcost, k). (2.25)
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Its derivative is

1 —r
ts = —n= ——"/cost, sint, 0), (2.26
p Ve + k2 ( ) )
so that the curvature must be
1 —r
- __ (2.27
P Vr2+k? )
and the unit normal vector
n = (cost, sint, 0). (2.28)

From Egs. 2.25 and 2.28 we calculate the unit binormal vector

b=txn= ﬁ(fk sint, kcost,r) (2.29)
the derivative of which leads to the torsion

b, = —ln = i(cost, sint, 0), (2.30)
so that

% -— J’“F _. 2.31)

Here we have used the Frenet-Serret equations, Eq. 2.17.
So, from Egs. 2.27 and 2.31 we can see the curvature and torsion are indeed constants,
exactly as advertised.

2.7 The Conic Section

We depart from the standard representation of the conic section in the following way. We write
the equation of the ellipse in polar coordinates with a focus as the pole and the major axis as
the polar axis. Then its equation will be given in parametric form by

y = posing
(2.32)
zZ=pcos¢
where the length of the radius vector is’
r
e — 2.33
e 1—ecoso ( )

5Korn and Korn. pp. 41-53. Expressions for the conic section.
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Figure 2.5: The Ellipse and its Parameters.

The ellipse is given in terms of polar coordinates with the pole located at a focus and with the polar axis
lying along the major axis. We call the focus lying at the pole the proximal focus; the other, the distal
focus. The eccentricity is ¢ < 1. The angle v is the parameter on which depends the radius vector,
R(v) =7/(1 — € cosv).

The eccentricity is € € (0, 1), the semi latus rectum is r. Because of the simplicity of Eq. 2.33
the use of eccentricity is preferable to the conic constant, the quantity usually encountered in
optics.When v = 0, p is the distance from the coordinate origin, along the polar axis, to a

vertex of the ellipse; o9 = /(1 — €). When ¢ = 7/2, then o equals the semi latus rectum;
0r/, = 7. Finally if = 7 then g equals the distance along the polar axis in a negative direction
to the ellipse’s opposite vertex, o = /(1 + €).

We define the proximal focus of the ellipse as the first focus encountered; in this case it
lies at the origin. The distal focus is defined as the second focus. These terms will be used
extensively in Chapters 4 and 13. It follows from the results of the previous paragraph that the
distance between the proximal and the distal foci is equal to the difference

2er
dy = 00— 0r = —= 2.34
The length of the major axis is
2r
2a=00+ 0r =7— (2.35)
1—e¢

From the standard form of the ellipse we can derive the length of the semi minor axis as
b=r/v1—é.

In Fig. 2.5 is shown an ellipse with these various quantities indicated. It also shows the
angle ¢’ and the distance o', analogues of ¢ and g, but associated with the distal focus. From
Eq. 2.33 it follows that

, r

Y (2.36)

1 —ecosv’
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so that, from Eq. 2.36, we can get

7 sin v rsinv’
Y= 1 ccosv 1 ecost/
, (2.37)
2226—(1+62)C0802df—%.
By substituting for d; from Eq. 2.34 we are able to solve for v’ to get
sinv’ = (1 — €2) sinv/K?
(2.38)
cosv’ = [2e — (1 + €%) cosv] /K?
where
K% = (1 + €*) — 2ecosv. (2.39)

Note that C? can be written as the sum of two squares, (cos v — €)? +sin® v, so that the quantity
is never negative and K is always real.

From Eq. 2.37 we obtain easily
;o rk?
e= (1—¢€2)(1 —ecosv)’

(2.40)

These same formulas, Egs. 2.37 and 2.38, describe the circle (¢ = 0), the parabola (¢ = 1),
and the hyperbola (e > 1), and therefore can be used to represent any conic section.

Now cast Eq. 2.37 into vector form
P(v) = (0, sinv, cosv), (2.41)
the derivative of which is

P, = 0, cosv — €, —sinv). (2.42)

(1 — €ecosw)? (
From Eq. 2.7 we can see that P2 = (ds/dv)? = r2K? /(1 — ecosv)*, so that

ds riKC
@ S — 2.4
dv (1 —€ecosv)? 243)

5
SN

Considered as an ordinary differential equation its solution involves an elliptic integral of
the second kind, a relation too far complicated for our purposes. So we must be content with
the results of the preceding section.Recall that t=dP /ds = (dP/d¢)/(ds/d®) so that

1
t= E(O’ cosv — €, —sinv). (2.44)
From t we can deduce the unit normal vector n and the curvature 1/p using Egs. 2.20 and
2.44. First we calculate
1 —ecosv

t, = _T@’ sinw, cosv — ¢). (2.45)
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From this and Eq. 2.43 we get
1 0t/ov

1 —€cosv
ts=-n —

p 9s/ov K3

(0, sinwv, cosv — €),

which lead us to

1 1(1—ecosv)?

p T K3

and

n = —(0, sinv, cosv — €).

K
From Eq. 2.10 we get

b=txn=(1,0,0).
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(2.46)

(2.47)

(2.48)

(2.49)

The explanation for this is that the ellipse is a plane curve that we have located on the
vy, z-plane. Its b vector must therefore be a unit vector in the x direction. It also follows that

the curve’s torsion 1/7 must equal zero.

A caution; p and o must not be confused. The radius of curvature of the ellipse is p and its
curvature is 1/p. The distance between a point on the ellipse and the proximal focus is g; to its
distal focus it is ¢’. In Chapters 4 and 6 we will see that 1/p and 1/’ can also be interpreted
as curvatures of spherical wavefronts which we will encounter in Chapter 13. These results
will also be applied in Chapter 4, the chapter on surfaces, to get the equation for the prolate

spheroid.

2.8 The Ray Equation

In the last chapter we derived the ray equation

d dP

or, expressed another way

(1.30) nPss + (Vn-Ps)P, = Vn.

Recall that all derivatives are with respect to the arc length parameter s. Expressing the ray

equation as in Eq. 1.30, in terms of the tangent, normal and binormal vectors, we get

%n + (Vn-t)t =Vn.

If we multiply this by b we see that

Vn-b=0,

(2.50)

2.51)
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which says that the binormal vector of a ray path at any point in an inhomogeneous medium
must always be perpendicular to that medium’s gradient at that point. Another way of saying
this is that the vectors t, n and Vn are coplanar.
We can rewrite Eq. 2.50 in the form
1 1
—-n=—-tx (Vnxt) (2.52)
p n

by using the vector identity in Eq. A.6. Squaring this leads to an expression for the curvature
of the ray at any point

1
= = (T x by (2.53)
Taking the vector product of t with Eq. 2.52 we can get

%b = —(Vnxt), (2.54)

which, when differentiated with respect to s, leads to

Znt (")Sb = —[(Vn), x t]

pT p

1

p(Vn x b). (2.55)

The scalar product of this with n yields to the expression for torsion at any point

1 1
= [p(Vn)s b+ (Vn-t)]. (2.56)

2.9 More on the Fish Eye

In the last chapter we applied the Euler equations to Maxwell’s fish eye and obtained the
differential equation for rays in that medium

(1.34) (1+P*)P,, —2(P-P,)P, +2P =0,
which we then differentiate to get
(1.35) (1+P?)P,, —2(P-P,, )P, =0.

The scalar product of this with P, yields P, - P55 = 0 which is the same as dP?S/ds =0,
from which P2, = constant. From Eq. 2.9 we have that Pss = ts = (1/p)n so that the
curvature (1/p) is constant along a ray

1/p = constant. (2.57)
Moreover, by taking the scalar product of Eq. 1.35 with Pg x Py, we get
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When this is compared with Eq. 2.17 we can see that the torsion is zero. Since the torsion is
zero, rays in Maxwell’s fish eye must be planar and since they have constant curvature they
must be arcs of circles.

We can go a little further. Multiply Eq. 1.34 by P, (recall that P, - P, = 0) to get
2(P-Py)=—(1+P?/p (2.59)

When this is substituted into Eq. 1.35 we get
1
P + ;Ps =0, (2.60)

alinear, third order ordinary differential equation with constant coefficients. Its general solution
is

P(s) = p(Asin(s/p) — Bceos(s/p) + C), (2.61)
where A, B, and C are vector constants of integration. Its derivative is

P, = A cos(s/p) + Bsin(s/p) (2.62)
The square of this must equal unity yielding

A? cos®(s/p) + B?sin?(s/p) + 2(A - B) sin(s/p) cos(s/p) = 1, (2.63)

from which we must conclude that A and B are both unit vectors and that A - B = 0. The
vectors A and B determine a plane. On this plane Eq. 2.61 provides the required solution, the
arc of a circle.

What we have done in this chapter is to construct an analytic system for the study of space
curves that, as we will see in a later chapter, is preliminary to the development of the differential
geometry of surfaces. It is certainly incomplete. But we were able to apply it to rays paths in
inhomogeneous media that led to a description of these objects in most general terms without
needing to look at special cases or at boundary conditions for the resulting differential equation.
We will return to this later when we apply this material to the pseudo Maxwell equations.
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A few of the elementary problems in the Calculus of Variations were treated in Chapter 1
where it was assumed that the end points of the variational integrals were fixed. When these
end points are allowed to vary the problem becomes much more difficult than merely solving
the Euler equations. There had been no general method for solving this kind of problem but in
the later years of the nineteenth century David Hilbert did find an approach that enabled us to
treat this problem in a general way. This we call the Hilbert Integral.!

The Hilbert Integral has applications that transcend the variable end point problem; these
will be our main interest in this chapter. With it we will find an alternative proof of Snell’s
law of refraction. We will find conditions for aggregates of rays to have orthogonal surfaces
or wavefronts; such aggregates we will call normal congruences or orthotomic systems. The
Hilbert Integral will also lead to the Hamilton-Jacobi theory that, in an optical context, is the
foundation for modern aberration theory. It will also lead to the eikonal equation which will
be of major importance in subsequent chapters.

Recall the statement of the general variational problem that had been introduced in Chapter 1

b
(1.6) 1= / £ (@, y(@), (), ya(@), 2(2))d,

and its solution in terms on the Euler equations

dof _of
d .
(1.15) v 0ys Oy
daof _9f
dx 8z, 0z’

Also recall the steps we used, from Eq. 1.15, in Chapter 1, to get

of of

of  d B

(117) % = % f=Yz

These are second order ordinary differential equations whose general solutions consist of
a two parameter family of extremal curves that we will refer to as a field of extremals. In what
follows we will assume that we are dealing with a region of space in which these extremals are
dense.

IBliss 1946, pp. 18-28.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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Figure 3.1: The Hilbert Integral. Cy and C represent two arbitrary surfaces connected by several rays.

Take two curves, not necessarily extremals, lying in such a field. These we represent by
two sets of functions of a single parameter

Cr:  zi(u), ya(u), z1(u); Cy: x2(u), y2(u), z2(u),

so each value of u determines two points, one on each curve. We can then form a variational
integral connecting these two points, one on each curve, so that both are functions of u. See
Fig. 3.1. Then the value of the variational integral is also a function of «

za(u)
I(u) = / F, yloau), 2@ ), yo(2,u), zo(e, u))de. 3.1)
x1(u)

Here the extremals, denoted by y(z, u), z(x, u), have their end points on C; and C> so that

y(ml(u),u = y1(u), z(ml(u),u = z1(u), 32)
y(a:z(u),u zyz(u),z(ajz(u),u = zo(u) ‘
We next calculate the derivative of I(u)
dl dzo
% - f(l', y(:z:,u), Z({L‘7U>, ya:(x7u)a Za:(xau)) m:z,z(u)%
dl’l
—f(1'7 y(xau)7 Z(I‘,U), yx(a:,u), Zx(CC,’LL)) T (33)
e=x; (u) U
“rar  or o of

z1(u)
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The first two of these terms are written as one, (dz/du) f |i:j The integral is a bit more

difficult. Using the Euler equations, Eq. 1.15, and the steps used in obtaining Eq. 1.15, we got

x2(u)

af af af af
/ { 8yyu + 5, 2 + By You + B, Zmu:| dx

z1(u)
z2(u)

(3.4)

d of d of of of
Yu dz 0y, t 2 dx 0z, t You Y t Zeu 0z, du
z1(u)

z2(u)

d[ of afr1., [ of af 1=
/ d [y“ayx ““azz]d‘” - [y“ayz RN N,

z1(uw)
Next note that the fotal derivatives of y and z with respect to u are

dy dzx dz Ox
du b du Ty du “ ou T 35

Substituting for y,, and z, in Eq. 3.4 yields an expression for dI/du,

8f_ gdj_’_ ﬁ@—"_a'f@w:m(u)
Yy “ du Oy, du 0z, du

dl
du

z=x1(u)

Now we define the Hilbert Integral along a curve C' as,

2 of ofldz Of dy Of dz
J*(C) = — Y — Zp— | — — 4+ ——— idu, 3.7
() /ml {[f yayx Zzz}du—F@yzdu_Fazxdu Y (3.7
where (T, 7, Z) lies on the path of integration. Then it follows that
I d d
— = —J"(Cy) — —
du du (C2) du
where Z(u), §(u) and Z(u) are the coordinate functions of the curve C. By integrating this
equation between the limits u1 and up we get

I(Ey) — I(E,) = J*(C3) — J*(C1), (3.9)

J*(Ch), (3.8)

where E, and Ej, are two extremals that correspond to the two values w1 and up. This is shown
in Fig. 3.2.

Another definition: If the integrand of the Hilbert Integral should vanish at a point then
the curve C is said to be transversal to the extremal at that point; or more simply, transversal
at that point. 1f the Hilbert integrand should vanish everywhere on C' then C is said to be
transversal to the field of extremals.

Note also that if the Hilbert Integral is expressed as a line integral its integrand takes the
form

0f of .. . Of of
g2 1
f— Yz 0 2 - dx + o dz (3.10)

di
y+8zm .
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Figure 3.2: The Hilbert Integral. C and C3 are two surfaces connected by the pair of rays Fp and E,.
The Hilbert Integral, calculated around the closed path E, Co, E,, C1, must equal zero.

a total differential. It follows that if a curve C'is to be transversal to the field of extremals then
a total differential equation must be satisfied. Going further, the existence of a solution to this
total differential is a necessary and sufficient condition for the existence of a transversal.

3.1 A Digression on the Gradient

First of all a clarification. Some authors use V as the differential operator whose components
are partial derivatives with respect to a Cartesian coordinate system and use grad, curl and div
to represent operators whose derivatives are with respect to different coordinate axes. Here
we do not make that distinction; V will denote such an operator under any coordinate system.
For example, the gradient of a function F, V.F, will always represent a vector perpendicular
to the surface F = constant.

Now consider the integral of the gradient of F, V.F, along a curve P(¢)(0 < ¢ < 1) from
the point Po = P(0) to P1 = P(1)

Py 1
/ V.7-"~dP:/ V}'~£dt.
Py 0 dt

This integrand can be written as a directional derivative as defined in Eq. 2.23 and the integral
becomes

! Yar
/ (P, V)Fdt = / —dt = F(P1) — F(Po).
Notice that the value of the integral depends only on the value of F at the two end points and
not on the path P(¢) of the integral. We conclude that the integral of a gradient is independent

of the path of integration. As a consequence, the integral of a gradient about a closed path must
equal zero.”

7{V}'~dP:0. (3.11)

2Bliss 1946, Chapter III.
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3.2 The Hilbert Integral. Parametric Case

Here we apply the vector notation in which the variational integral takes the form

(1.24) I= /tz (P, P,)dt,

as shown in Chapter 1 so that the Euler equation becomes

(1.26) %th = VY.
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As before, let the two curves be C1 : V(u) and C2 : W (u) and construct a family of extremals,

P(¢, u), that connect the two. Then
P(t1, u) = V(u), P(tz, u) = W(u),
Pi(t1, u) = Vi(u), Pe(t2, u) = Wi(u).
Then the variational integral again becomes a function of u
ta
I = [ F(P( . Pie, w)a,
1

and its derivative is then

dl f2 dP dpP,
- = VFf — +V,f — |dt
du /t1 [ / du TV du ]

_ /tt [(i(wf)) LV (igi)]

t2 g P oP1"
- [l w5

t1
Expanding this out gives us

e 0P (t2,u)
7= Vil (P(t2,0), P (tz,u)) - =5 2=

— Vif (P(t1, u), Py(ts, u)) - W
= Vi (W, W) dc% = Vi (V, Vi) - C(%/

Proceeding exactly as before, we integrate to get
I(ug) = I(u1) = J*(W) = J*(V),

where

JH(V) = / UV, V)V da,

1

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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is the Hilbert Integral over the curve V. This also may be expressed as a line integral
Vo
JH(V) = Vif(V, V) -dV. (3.18)
Vi

The integrand in Eqgs. 3.17 and 3.18 is then a gradient and therefore its integral around a
closed curve must be zero as indicated in Eq. 3.11.
3.3 Application to Geometrical Optics

In the optical context the variational integral, given in Eq. 1.24, becomes

I= /n(P)\/Pfdt, (3.19)

so that

f=n®)\ /P2, V= \[P2UnP).  V.f=n(@)

VP?’

(3.20)

and the Euler equation becomes the ray equation, from Chapter 1,

d s dP

(1.29) - (nE) = Vn,

which expands to
(1.30) nPss+(Vn-P;)P, = Vn.

The Hilbert Integral then becomes
JH(V) = /nPs -dV. (3.21)

The integrand vanishes when P - dV = 0. Since P is tangent to the ray it must be that
V is a surface perpendicular to the ray. In this case transversality becomes orthogonality.
Setting the integrand equal to zero is then tantamount to forming a total differential equation
for a surface that is perpendicular to the rays. The condition for the existence of a solution
to the equation then becomes a condition on a family of rays for which such a surface exists.
Such a system is called an orthotomic system or a normal congruence.

3.4 The Condition for Transversality

Let us return to the idea of transversality, the condition where the Hilbert Integral vanishes
identically. As we can see in Eq. 3.21 in geometrical optics, a transversal curve intercepts a
family of rays at right angles. In this case the Hilbert integrand becomes a total differential
equation whose solution is a surface normal to the family of rays. In the next section we
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will obtain the conditions for such a differential to be exact or differentiable and how these
conditions isolate families of rays for which an orthogonal surface exists. Then we will set
these integrands equal to zero and consider the consequences.’

The three versions of the Hilbert integrand that we have seen are the most general case

of _of of of . _
(3.7) f ymaiy:c ZIZ df+ayx dﬂ—i—azmﬁ =0,
the parametric case

and its application to geometric optics
(3.21) n(PsdV) = 0.

The barred variables pertain to coordinates on the transversal surface or, in the case of
geometrical optics, on the orthogonal surface. The other component in each of the three
equations refers to the field of extremals; the totality of solutions to the Euler equations. In
what follows we will seek restrictions on the field of extremals that will assure the existence
of transversals.

3.5 The Total Differential Equation

These are all a type of differential equation generally known as a total differential equation, a
linear differential form or a Pfaffian and its most general form in three dimensions is*

Pdz+Qdy+ Rdz = 0. (3.22)

Lets assume that the solution of Eq. 3.22 is given in implicit form as, say
V(x, y, z) = 0. Compare Eq. 3.22 with the total differential of V'

dv = a—vdoz + afvdy + a—Valz =0, (3.23)
ox oy 0z

which gives us

oV 15)% ov

—~ _p R — = R. 24

9 ) ay Q, 5% R (3.24)
If V' is continuous then

2V PV 2V

—_— P = T = PZ = T = z = 5 3.25

0x0y y =@ 0xdz r 0yoz @ Ry (3:25)

3Stavroudis 1972a, pp. 73-76.
“4Bliss 1946, pp. 70-72.
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or
R,—Q.=0, —R,+ P, =0, Qs — P, =0. (3.26)
If we write H = (P, @, R) then it is easy to see that Eq. 3.26 is identical to
VxH=0, (3.27)

which is a condition on P, ), and R that assures that Eq. 3.22 has a solution. This we call
the condition for exactness; Eq. 3.22 is then said to be exact.
It can happen that Eq. 3.22 is not exact but that there exists an integrating factor, p so that
u(Pdx + Qdy + Rdz) = 0 is then exact. Then
2
88?;/?; :pr+/‘yP:NQx+ﬂzQ7
0’V
0x0z

=pP; + pP = pRy + pa R, (3.28)
o?V
0y0z

which can be rearranged into

N(Py_Qm):QMm_Pﬂy
(P, — Ry) = Rpy — P, (3.29)
w@Q: — Ry) = Rpy — Qpe.

=pQs + Q= ,U'Ry + Mva

By multiplying the first of these by R; the second, by —(); and the third by P and adding we
eliminate x4 and its derivatives and get

P(R, — Q.) + Q(—=R, + P.) + R(Q. — P,) = 0, (3.30)
which we will call the condition for integrability. In vector form it is
H (VxH)=0. (3.31)
Now we apply this to the Hilbert integrand and refer back to Eq. 3.7

H<[fymaf o, A af>, (3.32)

PR
Yz ‘ Zx

' ayw, 0z,

and to the application to geometrical optics, Eq. 3.21
H=V.f(V, Vy). (3.33)

Later we will use Eq. 3.33 and the condition for integrability Eq. 3.31 to get the Hamilton-
Jacobi equations on which modern dynamical mechanics and geometrical optics are based.
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From the Euler equations we can show that if the equation is integrable then the index of
refraction function, n(P) is an integrating factor for Eq. 3.22. The condition for integrability
is of course

P, - (VxP,)=0. (3.34)
Note first of all that

V x (nPs) =Vn x Ps+n(V x Py). (3.35)
By multiplying Eq. 3.34 by n we get the following:

P, [n(V x P,)| =P, [V x (nP,) — V x P,]

(3.36)
=t -V x (nP;)=0.
Take the derivative of this with respect to s to get
d d
—[t-Vx(nPy)]=ts - Vx(nPs)+t-Vx d—(nPs)
s s
) (3.37)
:;Non (nPs) +t-V x (Vn) =0,
where we have used Eq. 1.29. Since the curl of a gradient is zero this reduces to
NV x (nP;) =0. (3.38)
Taking another derivative yields
1 1
[—t + b} [V x (nP)] = 0. (3.39)
p T
whence comes
b-V x (nPg) =0, (3.40)

which shows that all three components of V X (nP) vanish so that the condition for exactness
is satisfied.

These calculations form the basis for further relations which I have called the pseudo
Maxwell equations which we will see in Chapter 13.

3.6 More on the Helix

Perhaps an example will make clear the use of the Hilbert Integral. Consider again the problem
that we encountered in Chapter 2; finding the shortest distance from a fixed point to the
cylindrical helix. To keep things simple we do not use the equation for the helix that involves
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Figure 3.3: The Helix and the Hilbert Integral. Showing lines from a point A to the helix at P(¢1) and
P(t2). The Hilbert Integral about the closed loop A, P(¢1), P(t2), A is zero.

the arc length parameter s, Eq. 2.24, but the earlier version, Eq. 2.21, that uses only the arbitrary
parameter ¢

(2.21) P(t) = (rcost, rsint, kt).

Place the fixed point A on the x-axis a distance h from the origin so that A = hX, as
shown in Fig. 3.3. Then the vector from this point to the helix is

Q(t) = hX — P(t), (3.41)

whose length is

1(t) = \/ (X = P(t))°. (3.42)

The vector Q(t) is therefore a solution to the variational problem whose integral is [ ds =
[(ds/dt)dt = [+/Q(t)?dt. The Hilbert Integral that we will use will be based on this
variational integral.

Now take two points on the helix corresponding to the two parameter values ¢; and ¢, and
form the closed loop from A to P(¢;) to P(¢2) then back to A. Because the loop is closed
the Hilbert Integral calculated over this loop must be zero. Moreover, the Hilbert Integral
calculated on Q(¢1) and Q(¢2), because they are extremals, degenerate to variational integrals,
as shown in, say, Eq. 3.16. If we backtrack to Eq. 3.8, from which Egs. 3.9 and 3.16 are derived,
recalling that our loop has only three sides, we get

dl d
— = —=J"(P(1)). 3.43
= a P0) (3.43)
Now note two things. First, for the distance from A to the helix to be a minimum the derivative
of I must vanish. And second, the derivative of J* is simply the integrand of the Hilbert
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Figure 3.4: A Graphical Solution. The intersections of the parallel line with the curve are solutions to

s sint k2
the equation == = — ;.

Integral so that, from Eq. 3.18
Vf-dV =[Vy/(x —h)?2 +y2+ 22] - dP
=1/f)@—h,y, 2) (2, ye, 2)dt
= (1/f) (rcost — h, rsint, kt) - (—rsint, rcost, k)dt
= (1/f)(hrsint + k*t)dt = 0, (3.44)

a transcendental equation in ¢. This can be solved graphically using

as shown in Fig. 3.4.

3.7 Snell’s Law

We have already treated the variational integral for an inhomogeneous medium in Eq. 3.18
and from it we obtained the Hilbert Integral for such a medium in Eq. 3.21. Now suppose this
medium contains a discontinuity; that there is a surface given by the equation F(P) = 0 on
which occurs a jump discontinuity of the refractive index function. By this we mean that on
one side of the discontinuity the refractive index is continuous and is given by the function
n1(P) and on the other side by n,(P), also continuous. As P approaches P from the left the
limit of ny(P) is n1(P); as P approaches P from the right the limit of ny(P) is n2(P) and
n1(P) # ny(P). This discontinuity, F(P) = 0, is of course the refracting surface which we
will call S.

Take two points A and B on either side of the discontinuity and a point P on the discon-
tinuity and connect A and P with a ray path P1(s). Also connect P and B with a second
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ray path P, (s). These are, of course, extremals. Let I; and I, be the optical path lengths of
the two curves determined by the appropriate variational integrals. Figure 3.5 is an attempt to
show this. Let the ‘prime’ symbol indicate derivatives with respect to s. It follows that P} and

— — .
P/, are tangent vectors to the two curves and that P; and P, are their tangent vectors at the
point of incidence on either side of the refracting surface. Then the total optical path length
from A to B is given by

I=1+D. (3.46)

If A and B are not conjugates then the ray path connecting the two is unique and its optical
path length must be an extremum relative to all other possible paths connecting the two points.
Let V be any curve on S. Then the differentials of I; and I, along V are

dly = ni Py -dV,  dl, = —n,P,-dV, (3.47)

where ny; = ny(P) and ny, = ny(P). Each of these is a Hilbert integrand representing the
differential of optical path length. The differential of the total optical path length between A
and B, a quantity that must equal zero in order to conform to Fermat’s principle, is as follows:

dI = (n Py — naPy) - dV = 0.

The differential dV is tangent to the curve V. It follows that the vector nlfi— nzflz must be
perpendicular to V. This must be true for all curves V on passing through P on S. It follows

=/ =/ . = .
that n1 Py — noP, must be parallel to the unit normal vector to S at P. Let this vector be IN.
Then, for some factor k it must be that n1P; — noP> = kN or

(nlﬁll - nzf/z) x N =0,
which becomes very quickly the vector form of Snell’s law
n1(Py x N) = na(Py x N). (3.48)

Recall that the absolute value of the vector product of two unit vectors is equal to the sine

of the subtended angle so that |?l1 x N| = sini and |?l2 x N| = sinr, 7 and r being the angles
of incidence and refraction. This leads to the scalar form of Snell’s law

nysini = npsinr, (3.49)

to which must be added the fact that ?/1, ?/2 and IN must be coplanar. This comes from Eq. 3.49.
This plane is called the plane of incidence.

A matter of notation. In Chapter 7 in which ray tracing is studied we will use a different
notation. Equation 3.48 then becomes

nl(Sl X N) = TLz(Sz X N) (350)

We will use these results in subsequent chapters but in a slightly different form. We will
use the reduced direction cosine vector or the reduced ray vector S = n P so that Eq. 3.48
becomes

S; xN=8, x N. (3.51)
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)
' b
» &
A <

Figure 3.5: Conjugate Points. The ray path from A to B is unique unless A and B are perfect conjugates.
I, and I represent lengths from A to P and from P to B. Refraction occurs at P.

3.8 The Hamilton-Jacobi Partial Differential Equations

Recall the general variational integral Eq. 1.6, the associated Euler equations Eq. 1.15 from
which comes

d af of af

(1.17) dz f—y:caiyx—zxaizm = o
Also, we will need the Hilbert Integral Eq. 3.7 in which Z, § and 2 represent coordinates on a
surface that intersects each extremal in the field. The other quantities in the Hilbert Integral
are associated with the field of extremals. We are to find conditions on the field of extremals
that assure the existence of transversals.

What follows is due to Hamilton.?

First, define the canonical variables v and v as follows,

_of _of

= = . 52
u By v 02, (3.52)

Recall that the function f is in the form f(z, y, z, Y., 2.). Consider the two definitions in
Eq. 3.52 a pair of simultaneous equations in y, and z, which can be solved, to yield

y: = Pz, y, z, u, v), 2. = Qz, y, 2, u, v). (3.53)
Next, define the Hamiltonian (recall Eq. 1.17)

0 0
H(.’E, Y, z, U, v):yfl?%"_zxaj -

1. (3.54)

SCarathéodory 1999, pp. 121-133.
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Using Eqs. 3.52 and 3.53 it is clear that this can also be written as
H(z, y, z, u, v) = Pu+ Qu — f. (3.55)

The total differential of the Hamiltonian is

OH OH OH OH OH
dH = %dm + 8—ydy + Edz + %du + %dv, (3.56)

but by using Eq. 3.55 we get
dH = Pdu+udP + Qdv+vdQ

of of of of of
[895 de + dy dy + 0z dz+ Oy dys + 0z dzz}

= Pdu+udP + Qdv+vdQ (3.57)

— gdm—i— gdy—k gdz—%—udP—H}dQ
ox y 0z

_ B K N Y |
= Pdu + Qdv {axder aydy+ azdz},

where we have used Eq. 3.53. By equating coefficients of corresponding differentials we get

0H of

5 = 5 (3.58)
which we already have from Eq. 1.17, and

OH __of __dof _du  O0H _,__dy

dy Ay dr Oy, dr’ ou Tde’ (3.59)

OH af d of dv OH dz

B2 " 0z dde, A B TP

where we have used Eqgs. 3.52 and 3.53. These are called the canonical equations.
Now return to the Hilbert integrand from Eq. 3.7. When this is set equal to zero we have
the total differential equation for the transversal surface

—Hdz 4 udy + vdz = 0. (3.60)

The first two of the canonical equations, Eq. 3.59, satisfy the condition that Eq. 3.60 be exact.
Then there must exist a solution to Eq. 3.60, a function ¢ such that

2 _ 2 _ . % _

0T oy U 0z (3.61)

*H($, Y, 2, U, 'U),

By elimination u and v from the first equation in Eq. 3.61 yields the Hamilton-Jacobi partial
differential equation for the transversal surface

99 dp 09\
% +H (ac7 Y, 2, a—g, 82) =0. (3.62)
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3.9 The Eikonal Equation

This is much simpler. Recall the Hilbert integrand expressed in the context of geometrical
optics, Eq. 3.21

nP,-dV =0,
and its condition for exactness from Eq. 3.27

V x (nPgs) =0. (3.63)
Since the curl of a gradient always equals zero there must exist a function ¢ such that

nP, =V, (3.64)

where ¢(P) = constant is the equation of the transversal surface or, in this case, the orthogonal
surface, the plane of constant phase or wavefront. The function ¢ is referred to as Hamilton’s
characteristic function or, as I prefer, the eikonal. Recall that P is a unit vector in the direction
of a ray; it is also the normal to the wavefront.

Now square both sides of Eq. 3.64 to get the eikonal equation, the analog to the Hamilton-
Jacobi equation

(Vo)? = n?. (3.65)

Note that it is a non-linear partial differential equation of the first order and that it is independent
of any reference to rays.

A solution to this equation, of course, would be very useful in optical design. Such a
solution in the form of a power series expansion has been used in lens design for the better part
of a century. Moreover it has the property that the zero order terms are exactly equivalent to the
Gauss-Maxwell model for a perfect lens that we will encounter in Chapter 14. The coefficients
of the terms of the power series therefore represent departures from the ideal and are termed
aberrations. These terms are calculated and are shown to depend on the various parameters of
the optical system being designed; curvatures of the refracting surfaces, separations between
these surfaces and the refractive indices of the constituent media.

We will depart from the power series approach and find a general solution to Eq. 3.65 in
finite terms in Chapter 5.
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Any smooth surface (Smooth will be defined shortly) can be represented by a vector function in
two parameters just as a space curve can be defined by a vector function of one. Indeed we will
use space curves embedded on such a surface to reveal its properties. The ultimate objective is
to apply these results to wavefront trains in homogeneous, isotropic media, whose equations
will be found in Chapter 5 as a general solution of the eikonal equation derived in Chapter 3.
In Chapter 6 the results obtained in this chapter will be used to determine the geometric
properties of these wavefronts as well as expressions for the associated caustic surfaces.

4.1 Parametric Curves!

A surface is determined completely by a vector function of two parameters, P (v, w). If we
hold v fixed and allow w to vary the result is a space curve embedded on the surface. More
accurately, P(vg, w) is a one-parameter family of curves, with vg as the parameter, etched on
this surface, just as P(v, wp) is a second one-parameter family of curves lying on the surface.
Together, these two families of curves are referred to as the parametric curves of the surface
such as is shown in Fig. 4.1. Through every regular point (Again, we postpone the definition
of a term.) passes exactly two parametric curves, one from each of these two families.

These parameters are not unique. While a nonsingular transformation of the parameters
results in a different set of parametric curves on the surface the surface itself remains unchanged.
We have already seen this in space curves; a change of parameterization does not change the
geometry of the curve in any way. In that case we settled on a standard parameter s, the arc
length parameter, as natural and convenient. However, parameters in the vector representation
of surface are not standardized.

4.2 Surface Normals

At every regular point on the surface two of these parametric curves will intersect. The partial
derivatives of P with respect to the two parameters v and w, as we saw in Chapter 2, are two
vectors tangent to the two parametric curves and therefore tangent to the surface. These we
denote by P, and P,,, where the subscripts signal partial differentiation.

Now we can define smooth. We say that a surface is smooth at a point if its partial derivatives
of its representative function exist, are continuous and are single valued. In addition, on a

1My favorite text in classical differential geometry, the kind used in this work, is Struik 1961. Others include
Stoker 1969, Guggenheimer 1977 and Do Carmo 1976. And perhaps the best of all is Blaschke 1945.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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P,x P,=N

P (v, w

( U: w,)

w

Figure 4.1: Parametric Curves. Shown are P (v, wo) and P(vg, w), the two one-parameter families of
parametric curves. P, and P,, are the tangent vector to these two systems of curves and P, x P, is
the surface normal, IN.

smooth surface if the vector product P, x P,, does not vanish at some point then that point is
regular. If all points on a smooth surface are regular then the surface is said to be regular.

As an example, consider a sphere described by parametric curves that are lines of latitude
and longitude. The longitude curves are great circles. Through almost all points of the sphere
pass exactly two of the parametric curves; partial derivatives of the vector function describing
the sphere exist and are unique so that there is no problem with the surface normal. However
at the north and south poles all longitudinal curves intersect and the curve of latitude becomes
a degenerate point circle. The two poles then can not be regular points. These two singularities
can be removed by making a change of parameters but if lines of curvature are to be lines of
latitude and longitude then all that is accomplished is the relocation of the two singularities to
a different pair of points.

Since P, and P,, are tangents to the surface it follows that at every regular point their
vector product is a vector perpendicular to the surface. We then define the unit normal vector
as

P P
N=_-vX%w (4.1)

VP, xPy,)2

This is shown in Fig. 4.1. Since N is a surface property it must be invariant under any parameter
transformation.

Now let v and w be functions of a new parameter ¢; that is, let v = v(t) and w = w(t). A
new space curve results, one that is engraved on the surface and is defined by the vector function
P(t) = P(v(t), w(t)) and can be analyzed using methods from the differential geometry of
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space curves that we encountered in Chapter 2. The tangent vector is
P; = P,v; + Pywy, 4.2)

a linear combination of the two vectors tangent to the parametric curves.
The differential of arc length is

(ds)? = [P, vy 4+ P, wy]? (dt)?

“4.3)
= P2 (dv)? + (P, - P,) dv dw + P2, (dw)?.
We define the first fundamental quantities to be
E =P?, F=P, P,, G=P2. (4.4)

These are independent of ¢ and so they are properties of the surface and not of the inscribed
curve. Then the derivative of the arc length parameter s with respect to the parameter ¢ becomes
ds > 5
%:\/Evt+2thwt+th. 4.5)
The radicand E v? + 2 F v; w; + G w? is called the first fundamental form. This enables us to
calculated derivatives with respect to s, the arc length parameter. The unir tangent vector then
becomes

P, + P,
t—P, — Vet e Wt P, v, + P, w,. (4.6)
VEv? +2F v w; + Gu?

The surface unit normal vector can now be written as
N=(P,xP,)/D, “4.7)
where

D? = (P, x P,)?=P?P2 — (P,-P,)? = EG — F?. (4.8)

4.3 The Theorem of Meusnier>

We next take the derivative of the unit tangent vector with respect to the arc length parameter
and obtain the unit normal vector and the curvature, as in the first of the three Frenet-Serret
equations in Chapter 2

1
(2.20) ts = -n
P
from which we get
1
ts = —n = P,,0° + 2P v,w, + Pyyw? + Pyugs + Pyw,s. (4.9)
p

2Struik 1961, pp. 73-76, Do Carma 1976, pp. 142—144, Korn and Korn 1968, pp. 571-572.
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Figure 4.2: Meusnier’s Theorem. Plane E intersects surface S to form curve P(s). N is the surface
normal and n is the normal vector to P(s) and 6 is the angle subtended by N and n. The curvature of
P(s) is 1/p. Meusnier showed that the ratio cos 6/ p is constant so that 1/p reaches its maximum when
0 = 0; P(s) is then called a normal section.

In general, the unit surface normal, IN and the unit normal to the curve, n are not equal. Refer
to Fig. 4-1. Let 0 be the angle subtended by these two vectors so that,
N-n cosf
N- ts = T == P =N-. vavg +2 N- Pmuvsws + N- wawf, (410)
where we use the fact that N - P, = N - P, = 0. Now we define the second fundamental
quantities

L=N-P,,, M =N"-P,y, N =N":Pyuy, (4.11)
so that Eq. 4.10 can be written as

cos

= Lv? 4+ 2 Mv,w, + Nw?, (4.12)

the right member of which is called the second fundamental form. The second fundamental
quantities depend entirely on the properties of the surface and are therefore independent of the
inscribed curve P. The curve’s unit tangent vector is P, = t = P,vs + P, wj, this from
Eq. 4.6.

Again refer to Fig. 4.2. Shown is a surface .S, a point on that surface P and the unit normal
vector N to the surface at P. Through P there passes a plane F that cuts .S in a curve that we
will refer to as P(s). The curve is, of course, a plane curve; its unit normal vector n and its
unit tangent vector t both lie on E. If we hold the direction of t fixed then, from Eq. 4.6, the
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coefficients v5 and w, must also be fixed. It follows then that the entire right member of Eq. 4.12
is constant; this because the second fundamental quantities represent surface properties and
are not related to the orientation of the vector t.

Now rock the plane F as if it were hinged on the vector t. The value of the right member
of Eq. 4.12 remains constant. It follows that its left member also must be constant so that p
must be proportional to cos . Our conclusion is that p attains its maximum value when 6 is
Zero.

This is Meusnier’s Theorem. When 6 = 0 and the normal n to the curve is in the same
direction as the surface normal N then the radius of curvature of the arc attains its maximum
value. The curvature of the curve 1/p is then at a minimum. Such a curve formed by the
intersection of a surface and a plane that contains the surface normal is called a normal section.

4.4 The Theorem of Gauss

The mechanics of Gauss’ theorem is shown in Fig. 4.3. Again we see the surface .S, the point
P and the unit normal vector N. The difference now is that the plane E contains N so that the
curve P(s) is now a normal section and its normal vector n coincides with N. We rotate £
about N just as a revolving door rotates about its axis.

Now we change the parameter back to ¢ from s so that Eq. 4.12 becomes

1 _ Lvt2+2Mvtwt+Nwtz
p Ev?+2Fvw + Gu?’

(4.13)

and Eq. 4.6 is again

_ vat + wat
\/Evtz + 2Fvwe + thz’

t

Our goal here is to find the extremum values of the curvature, 1/p as the plane pivots about the
normal vector N. We are to find those directions of t for which the curvature is a maximum
or minimum. Now the direction of t is determined completely by the ratio A = w; /v; which,
when substituted into Egs. 4.6 and 4.13, results in

= —bot Pul , (4.14)
VE+2FX+ GN

and

1 L+2MA+ NN @.15)
p E+2FA4+GX' ‘

Note that if A = 0 then t is the unit vector P,,//E and when ) is infinite t = P,,/v/G. It is
clear that as A assumes values over the interval (—oo, oo) the vector t ranges over all directions
perpendicular to N; all other quantities in Egs. 4.14 and 4.15 represent surface properties and
are independent of the direction of t.
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Figure 4.3: The Theorem of Gauss. N is the unit normal vector to the surface S at point P. A plane E
passes through N that intersects S in curve P(s) which is then a normal section. As F is rotated, pivoting
on N, a one-parameter family of normal sections is formed. Planes F/; and F; are two positions of that
plane and P (s1) and P(s2) are two of the resulting normal sections. Gauss showed that there are exactly
two positions of F for which the curvature of P(s) is an extremum and that these two planes must be
perpendicular. The two directions are called the principal directions. The corresponding curvatures are
the principal curvatures.

At extremum values of curvature the first derivative of Eq. 4.15 must vanish so that

% </1)> - (E+2F§+GA2)2 [(E+2F)\+G)\2)(M+N)\) o
(L +2MA+ NX)(F + GA)} —0,
which reduces quickly to
(E+FN)(M+NX) —(L+MN(F+GXN =0, (4.17)
then to
1 M+NXN L+ M) 4.18)

p F+G\ E+FX\
which comes from Eq. 4.15. Equation 4.16 also leads to the quadratic polynomial in A
(EM — FL) + (EN — GL)A + (FN — GM))\? = 0, (4.19)
the solution of which is

\, _ “(EN-GL) +R
=T T 2(FN-GM)

(4.20)
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where
R?=(EN — GL)> - 4(EM — FL)(FN — GM) wan)
= (EN + GL — 2FM)? — 4(EG — F?)(LN — M?). '

By substituting the two values of A from Egs. 4.20 and 4.21 into Eq. 4.14 we get two
direction vectors for which the curvature attains extremum values. They are unique to the
surface, and are given by

Pv + Pw)‘:i:
+ = .
\/E +2FA. + GA2

t (4.22)

These are the two principal directions; one corresponds to the maximum value of curvature,
the other to its minimum.
Consider next the two roots of the quadratic in Eq. 4.19, Ay and A_. Then, from another
theorem by Gauss® that relates the roots of a polynomial to its coefficients, we get
EN —-GL EM - FL

M d =~ (4.23)

A el VA FN —GM’

Now form the scalar product of the vectors in the two principal directions and get
tot_ = [E+ (A + A )F + GAeA_|/H  H_. (4.24)

On substituting for the sum and product of the two A’s, given in Eq. 4.22, we can see that
t+ - t_ = 0 showing that the two principal directions must be orthogonal. This result is
certainly not intuitively obvious.

The curvatures in the two principal directions are termed, naturally enough, the principal
curvatures, obtained from Eqgs. 4.15 and 4.18. There are two equivalent expressions for these
principal curvatures. They are

1 _ M+ Ny L+ MM

[ = . 4.25
P+ F+GMy E+ F)y ( )

The reciprocals, p., are called the principal radii of curvature and are illustrated in Fig. 4.4.

4.5 Geodesics on a Surface

Choose any pair of points on a surface and connect them with all possible curves that can be
inscribed on the surface. A geodesic curve is that curve whose arc length on the surface is an
extremum. Clearly, to find geodesic curves we need to invoke the Calculus of Variations and
the vector versions of the Euler equations derived in Chapter 1

(1.26) 19,5 =vy.

dt

3Struik 1961, p- 80, Korn and Korn 1968, pp. 572-574.
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Figure 4.4: Principal Radii of Curvature. N is the unit normal vector to the surface S at point P. Let
planes F1 and E» pass through N in the two principal directions and let P(s1) and P(s2) be the resulting
normal sections. The two principal centers of curvature c; and c2 lie on IN and can be thought of as the
centers of circles that best fit curves P(s1) and P(s2).

As usual f designates the variational integrand that is defined by the nature of the problem to
be solved. In this case it is the length of the curves imbedded on the surface.

Let the surface be represented by a vector function of two variables, P(v, w). A curve
etched on this surface will then be P(t) = P (v(t), w(t)). We will use the derivative of its arc
length given Eq. 4.5 in the variational integral given in Eq. 1.6

I = /ds = / \/Evtz + 2Fvwg + Gw? dt. (4.26)
The associated Euler equations are from Eq. 1.26

dof o dof _of
dt vy~ Ov’ dt dwy ~ Ow’ (4.27)

f? = Ev? 4+ 2Fvaw, + Guw? = P? = (ds/dt)?,
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the variational integrand, from Eq. 4.26. First we calculate the two partial derivatives

gi: E’Ut +Fwt :PU . (Pv’Ut +wat) :Pv 'Pt
Ut
fﬁ = Evvfz + 2F,v;w; + vaf
av L L
= (Pv . Pm;)vtz + [(Pm; : Pw)
+(Pu : P’uw)]vtwt + (Pw . va)wtz
= (Pv’uvt + vawt) : (vat + wat)
=P, - Py.
af Pv ) Pt 8f Pvt ) Pt
2L = —P, P, and 2L = =P, P, 428
v, f e f ' (428)
In exactly the same way we find that
ﬁ =P, P, and ﬁ =Pyt - Ps. 4.29)
owy ow

Now we come to the two Euler equations in Eq. 4.28. The first of these is

dof of d _ _
o~ e = 5 (PuP) ~ (P P) =P, Py =0,

with a similar expression for the second. Together they are
Pv . Pss = 07 Pw . Pss = Oa (430)

the equations for a geodesic curve on the given surface. By multiplying the second of these
by P,; the first by P, and subtracting we get P, x (P, x P,,) = D(P4, x N) = 0. Since
P, =ts = (1/p) n it follows that n = N. Meusnier’s theorem tells us that a geodesic must
be a normal section.

4.6 The Weingarten Equations*

The definition of the second fundamental quantities given in Eq. 4.11 and the factthat N-P,, =
NP, = 0leads us to

L =N-P,,=-N,-P,
M=N- va =-N, - Pw = *Nw . Pv (431)
N =N-Pyy = —N,, - Py.

4Dickson 1914, pp. 55-56, Korn and Korn 1968, pp. 55-56.
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Since N is a unit vector the derivatives of N2 must vanish so that N - N, = N - N, = 0.
This means that N, and N, must be perpendicular to N and therefore can be written as linear
combinations of P, and P,,, thus

Nv = QPU + ﬁPw
(4.32)

Ny =P, + 6Pwa

where «, 3, v and § are to be determined. The scalar product of these two equations with P,
and P, yield

aF+BF =—L, ~E+6F=—M,

(4.33)
aF 4+ G = —M, vF 4+ dG = —N.

By solving these for the Greek letters and substituting the result back into the original equations
in Eq. 4.32, we get

(FM — GL)P, + (FL — EM)P,,

o BG =2 (4.34)
N — (FN—GM)P, + (FM — EN)P, ‘
v EG — F? '

These are the Weingarten equations.

Now consider those parametric curves that are orthogonal; those for which P, - P, =
F' = 0. Then the Weingarten equations specialize to

N, = —%Pv - %Pw
Y N (4.35)
Nw - —EPU - EPw.

We will consider separately the two geodesic curves through a regular point on the surface;
say, P(v, wo) and P(vg, w), which must be normal sections each being a member of a one-
parameter family of geodesics. First look at the curve P(v, wp) and introduce the arc length
parameter by taking v as a function of s. The other curve, represented by P(s) = P(v(s), wo)
so that the unit tangent vector in the v-direction must be ,t = P, = P,v,. But another way
of writing ,t is as P,/ VE. Tt follows that vs = 1 / V'E where VE is a normalizing factor for
P,. Using the definition in Eq. 2.15 we find the binormal vector associated with the v-curve
tobe ,b = ,t xn = (P,/VE) x N = —P,,/V/G. To do this recall that, from Eq. 4.7,
N= (Pv/\/E) X (Pw/\/é)-

Now recall the second of the Frenet-Serret equations from Chapter 2

1 1

(2.20) n,=——t+-b
p T
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and compare it with the first Weingarten equation for orthogonal parametric curves in Eq. 4.35

f N (L P MP, 1
o \VEVE f\f

B L ¢ M
= 7
From this comes

1 L 1 M
—_z _ 2 437
pv E v  VEG 437

We do the same thing for the parametric curve in the w-direction, given by P(s) =
P(vo, w(s)), so that Py = P, ws. As before it turns out that w, = 1/\/@ Now ,t =
P, /G so that ,b = (P, /v/G) x N. But P,,/v/G = ,b. It follows than that

(4.36)

wb=uwtxN=(P,/VG) xN=—bxN=,=P,/VE. (4.38)

We return to the second Weingarten equation to get

ng, = Nwws: -

=t — —— ub,

(4.39)

r_N 1 M (4.40)

An additional result, from Eqs. 4.37 and 4.40, is that 1/7, and 1/7,, are equal in magnitude
but opposite in sign. This permits us to define 1/o

l:i:—i:l. (4.41)
o Ty Tw VEG
A matter of terminology: If F' = 0 everywhere then the two families of parametric curves
are orthogonal; through every regular point on the surface pass two parametric curves that are
perpendicular. If F' = 0 and the two orthogonal families of parametric curves are in principal
directions they are called conjugate; through every regular point passes two curves, one from
each family, that are not only orthogonal but have tangent vectors that are in the two principal
directions at that point. We will see later on that for conjugate parametric curves M = 0.

4.7 Transformation of Parameters

As had been said many times before, a transformation of the variable parameters leaves the
surface unchanged. We have already used a kind of parameter transformation in Eq. 4.2 when
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we defined a curve etched onto a surface. We do the same thing here but, instead of introducing
a single curve on the surface we engrave on it a two parameter family of curves. To do this
we introduce two new parameters, p and ¢, and set v = v(p, ¢q), and w = w(p, q), so that the
representation of the surface in terms of the new parameters is related to the old by

P(p, ) = P(v(p, q),w(p, q)). (4.42)

So what we are doing here is simply a transformation of parameters quite like switching ¢ and
s in the discussion on space curves in Chapter 2.
The partial derivatives are

{ P,=P,v, +Py,w,

(4.43)
P,=P,v, + P,uw,.

The transformation needs to be non singular so the Jacobian must not vanish

Up Uq

£ 0. (4.44)

J=vpwy —vgw, =

Wp Wq
From Eq. 4.4 we calculate the first fundamental quantities for the new system
e:PZZ, :Ev12,+2vawp+Gw12)
[ =Py -Py=FEv,v,+ F (v, wg +vywp) + Gw,w, (4.45)
g:Pﬁ :Ev§+2quwq+Gw§.
We also take the transformed differential element of area d to be
? =eg— f2. (4.46)

Equation 4.45 can be cast in matrix form

()= C) (e ()
fg Vg Wy FG Wy, Wy

By taking the determinant of both sides of this equation we can see that the differential element
of area in the two systems are related by

d?> = J?°D?, (4.48)
where D is defined in Eq. 4.8. We can go further. Since J # 0 we may take inverses to get
vy wy\ Wy —W vy v\ Wy —v
g _ q p and  J p Yq _ q q ,
Vg Wy —Vq Up Wp Wy —wp Up

so the inverse transform is

72 EF [ wg —wp ef Wy —Vg 4.49)
FG) —Vg Up fg —Wp Up 7 .
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which leads to

J?E = ewg — 2 fwpw, + gwg

J?F = —evqwy + f(vpwy + vewy) — gupwy

J2G = ev2 — 2 fvpug + gu.

The second derivatives of P are

P,, =Py, 1)12, + 2Py vpwp + wawg +Pyvpp + Pupwpy
P, =Py, 0,05+ Py (vpwg + vy wp)

FP oy w Wpwg + Py vpg + Pywyg

Pyg =Py 07+ 2Py vgwg + Py w2 4+ Py g + Puwgg,
so that the new second fundamental quantities, calculated using Eq. 4.11, are
l = LU}% —&—2Mvap—|—wa7

m= Luv,vg+ M(vpwq + v wp) + N wpwy

n =Lv§+2quwq+Nw§.

These also can be cast in matrix form as

I'm Vp Wp L M Vp Vg
mn ) Vg Wy M N Wy Wq ’

so that the inverse transform is

72 L M [ wg —wp Im Wy —Vq
M N —Vq Up mmn —wp Vp 7

resulting in

J?L = lwg — 2mwpwg + nw]zJ
J2M = —lvqw, + m(vpwy + vgwy) — nupw,
J?N = lvg — 2mupv, + nvg.
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(4.50)

4.51)

(4.52)

(4.53)

(4.54)

(4.55)

Now let’s suppose that each of these two sets of parametric curves are orthogonal so that
F =P, -P,and f =P, - P, are both zero. Then let us assume further that the two principal
directions are the p and ¢ directions so that the p and ¢ parametric curves are not only orthogonal

but conjugate as well. Then we can set

Wy = A+ Up, Wq = A_ Vg,

(4.56)
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just as we had done in preparation for the calculations in Eq. 4.14. Here A+ and A_ are the
two roots of the quadratic equation in Eq. 4.19 that appear in Eqs. 4.20 and 4.21.
Substituting these into the expression for m, the second equation in Eq. 4.52, we get

m = vy vg[L +2M(Ae + A_) + N A A_], 4.57)

which reduces to zero when the sums and products of the two \’s from Eq. 4.24 are used.
This means that m is zero whenever the parametric curves are conjugates. This results in the
following equations for the two sets of first fundamental quantities, from Eqgs. 4.45 and 4.50

e= Evzz) + wa] J?E = ewg + gwlz)
0= Evpvg + Gupwy 0 = evqwg + gupwy (4.58)
g:Ev§+G’w§ JZG:ev§+gv12,,

Eq. 4.52 becomes when m = 0
l :ng —|—2Mvpu};,7—|—Nu1227
0= Lvyvg + M(vpwg + vqwp) + N wpw, (4.59)
n= ng +2quwq+Nw§,

and Eq. 4.55 is
J2L = lws —&-nwzzj
J2M = —lvgwg — nupwp (4.60)
J2N = lvg —|—Tw§.

Next suppose that the angle between P, and P, (and therefore between P, and P.,,) is the
angle 6. Then, from Eq. 4.43, and recalling that F' = f =0

P, -P, = Fv, = VeE cosl
P,-P, = Ev, = +/gE cos(n/2+0) = —+/gE sin6

(4.61)
P, -P,=Guw,=VeG cos(n/2—0) = VeG sinb
P, P,=Gw; = \/giG cos b,
which enables us to obtain the following relations
v, = +e/E cosb, wp = +/¢e/G sinb, 462

vg=—+/g/F sinb, wg = +/g/G cos¥,

which satisfy the equations in Eqs. 4.45 and 4.50. Here we have used the fact that eg = J2 EG
from Eq. 4.48.
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The next step is to substitute the expressions in Eq. 4.62 into the equations in Eq. 4.59 to
get

I L N M
;:Ecos29+asin29+2@sinﬂcosﬂ
L N M

=—|=—-=]si —_— 4.63
0 (E G) sin 260 + 2 e cos 20 (4.63)
n L  , N M
— = —sin“f+ —cos“0—2 sin 6 cos 6,
g E G VEG

to which we apply Eqs. 4.37, 4.40 and 4.41 to get

1 cos?0  sin? 0, 2 .
— = + — + —sinfcosf
Pp Pv Pw o
.2 2
0 O 2 .
4 o + cos — —sinfcosf (4.64)
Pq Pv Pw g
2
tan20— — 217
1/pv - 1/pw

Now we apply the relations in Eq. 4.62 to Eq. 4.60, again recalling that f = F' = 0 and
that eg = J?EG from Eq. 4.48 and get

e

L l
5 :;(:0529—1—gsin29
M Il n
———=|-— —]sinfcosf (4.65)
vVEG <€ 9>
N
G

l
= —sin?60 + ECOSZG,
g

which, from Eqs. 4.37, 4.40 and 4.41 become

1 cos?0  sin®6
i +
Po Pp Pq
.2 2
i:sm 9+cos 0 (4.66)
Pw Pp Pq
1 1 1
- = ( — > sin 6 cos 6.
g Pp  Pq

The equations in Eqs. 4.64 and 4.66 are reciprocal transforms. If 1/p, and 1/p, are the
two principle curvatures then Eq. 4.66 provides 1/p,, and 1/p,,, the curvatures of a geodesic
curve whose tangent makes an angle 6 with one of the principal directions. The torsion of that
curve is then 1/0. These relations will be most important in subsequent chapters.
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49 WhenF #0

This is the more general case when the given system of parametric curves are not orthogonal but
the transformation is to a system in which these curves are conjugate. Refer back to Egs. 4.45
and 4.52 and set m = f = 0 to get

Fuv,v, + F (v, w, +v,w,) +Gw,w, =0
{ p Vq (vp wy q Wp) p Wq 4.67)

L, vg+ M (v, wg + vgwp) + N wyw, =0.

Once again P, /\/e and P/, /g are unit vectors in the two principal directions so that we may
invoke Eq. 4.56 and Eq. 4.67 becomes

E4+F(As+A)+GAeA_=0
(4.68)
L+MOs +A)+ N =0.

When we apply Eq. 4.24 we can see that both are satisfied.
The remaining equations of Eq. 4.45 become, using this notation

e=v2(E+2F\+ +G)3)
(4.69)
g=v2(E+2FA_ + G)\?)

and those of Eq. 4.52 are
I =v3(L+2MXe + N)3)
(4.70)
n=v2(L+2MA_+ NX).

In terms of the p, g-parameters, which correspond to a conjugate system of parametric
curves, we may write the principal directions as unit vectors

Tp =P,/ Ve, Tq=P,/\/g. 4.71)
Also, from Eqgs. 4.37, 4.40 and 4.41, we may write the principal curvatures as
1/pp=1/e, 1/py =n/g. (4.72)

So now we can start with a surface described in any system of parameters, calculate the
surface normal and the first and second fundamental quantities and then transform to a new
parametric system in which the lines of curvature are conjugate by using Eqgs. 4.69 and 4.70.
We will use these results in Chapter 9.

Now is a good time to introduce a few new concepts. First, asymptotic directions and
asymptotic curves. Suppose the second fundamental form, Eq. 4.12, is zero yielding a total
differential equation

Lv? + 2Muvaw, + Nw? = 0, (4.73)

whose solution is an expression for an arc on the surface with the property that its curvature is
zero. These are the asymptotic curves or asymptotic lines. Any straight line embedded on the
surface, as it turns out, is asymptotic.
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A second new concept is a little strange. Suppose the first fundamental form vanishes,
resulting in a differential equation for another curve embedded on the surface

Ev? +2F v, w, + Guw? = 0. (4.74)

Such a curve is called an isotropic curve. But from Eq. 4.5 this means that the arc length along
such a curve must always be zero which is impossible for any real curve; for this reason it is
sometimes referred to as a null curve. An isotropic curve, if it exists, must be complex which
opens the door to some amusing speculations especially in an optical context.

Our interest here is in the way these curves, asymptotic curves and isotropic curves, can
be used to understand the geometric properties of surfaces and their ultimate application to the
structure of wavefronts and the geometric aberrations associated with an optical system. These
will be treated further in Chapter 6 and applied in Chapter 8.

4.10 The Structure of the Prolate Spheroid’

By rotating a conic section about one of its axes we generate a conic section of revolution. If
the axis of revolution is the major axis of the ellipse the surface generated is called a prolate
spheroid, if it is the minor axis, the surface is an oblate spheroid. Here we will deal with only
the prolate spheroid.

As in the case of the planar conic section described in Chapter 2 we choose a focus as the
pole and the polar axis as the axis of revolution and use the polar coordinates ¢, 6 and . If €
is the eccentricity of the generating conic and if r is its semi latus rectum, then the surface is
represented, using a vector notation, by

P = o(sin¢sinf, sin ¢ cosb, cos ), (4.75)
where p is taken from Chapter 2
r
2.33 =—\
( ) e 1—ecos¢

Clearly 0 is the parameter of the rotation that generates the surface.

In this way we can describe four conic surfaces of revolution; the sphere € = 0, the prolate
spheroid € < 1, the paraboloid of revolution € = 1 and the hyperboloid of two sheets € > 1.
In what follows we will concentrate on the prolate spheroid although the results that we will
obtain may be extended easily to the other three types of conic surfaces. As before we refer to
the focus at the pole as the spheroid’s proximal focus; the other is its distal focus.

First note that the derivative of ¢ with respect to ¢ is

—esin ¢
=— """ . 4.76
= T " ccos ¢Q (4.76)
Then it can be shown that
Y . .
P, = 7( cos¢p —€)sinf, (cosp — € cos@,fsmqﬁ>
e ( )sinb, ) .

Py = Qsinqb(COSH, —sin @, 0),

3Struik 1961, pp. 133-136. Clegg 1968, pp. 149-152, Bolza 1961, pp. 164—166.
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so that the first fundamental quantities are, from Eq. 4.4

2

E= Pi - (1— egcos ¢)2 K
F=P,-Py=0 (4.78)
G= Pg = 0% sin? ¢,

where from Chapter 2

(2.39) K? = 14-€®—2¢ cos ¢.

Since F' = 0 the parametric curves must be orthogonal. From Eq. 4.8

FAsin®p

(1 —ecos@)? 4.79)
From Eq. 4.1 the surface normal is the vector product of these two vectors

—0%sin¢

Py, xPg= 7(sinq§sin9, sin ¢ cos 6, cos ¢ — e). (4.80)
1—ecos¢

Division by D results in the unit normal vector to the surface
1, . i .
N = —E(Sm¢sm€, sin ¢ cos 0, cos¢—e). (4.81)

To calculate the second fundamental quantities we need the derivatives of IN. These are

1 K
N, = ——(cosqbsin& cos ¢ cos b, —sin(b) + 2N
K Kz
' (4.82)
Ny = _Sm(b(cosﬁ, —sin6, 0),
K
and the second fundamental quantities are, since Py - N =Py - N =0
0
[ ¢ K
M=-Ny Py=-Nyg-Py=0 (4.83)
0 sin® ¢
N = 7N0 . P9 = K

Here we have used Eqs. 4.11 and 4.32. We know from this that the parametric curves are
conjugates since M = 0.

The first task is to substitute for the first and second fundamental quantities in the quadratic
equation from Eq. 4.19 whose solutions are found in Eqs. 4.20 and 4.21. Since both F' = 0
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and M = 0, Eq. 4.19 is ephemeral and we may take as its roots A\ = 0 and A_ = co. The
principal directions given as unit vectors, from Eq. 4.22, are then

Ty = P—\/% = %((COS(ﬁ — €)sinf, (cosp — €)cost, —sing)
p (4.84)
T_ = \/—% = (cosf, —sind, 0).

Now we come to the calculation of the principal curvatures for which we use Eq. 4.25

1 L (1 — ecos ¢)?

E K3
P A ¢ (4.85)
oG ok
from which comes, using Eq. 2.43

rk3
Pr= (1 —ecos )

K (4.86)
e g

Next we find the principal centers of curvature. We start at P and move a distance p
along the unit normal vector IN to get D using the equation

Dy =P+ piN. (4.87)

We calculate first D_ using Eqs. 4.71, 4.76 and 2.42 as well as the expression for p from
Eq. 2.27 and get

re
D_.=—""—%7=¢0Z 4.88
1—ecos¢ s (4.88)
where Z is the unit vector along the positive polar axis.
The other principal center of curvature D+ is more complicated. To make life easier first
note that N = (—1/K) [(1/0)P — €Z] this from Eq. 4.81. Then from Eq. 4.87 we can get

oo () ()

= (17€COS¢ T e g {[(1 — ecos $)® — K?|P + eoK°Z} (4.89)

1
= W[ICZD, — ezsngbP],
where C is given in Eq. 2.39 and P, in Eq. 4.75. These results will be used in Chapters 7
and 13.
Notice that one of these points D _ lies on the z-axis, the axis of rotational symmetry, just
as one would expect for a rotationally symmetric surface. The surface D is, of course, the
two-surfaced evolute of the prolate spheroid.
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4.11 Other Ways of Representing Surfaces

In this chapter we have concentrated on surfaces that are represented by functions of two
parameters. Now is the time to consider alternatives. We can represent surfaces explicitly,
where one of the coordinates is given as a function of the other two, or implicitly, where the
surface is given as a function of all three coordinates that is set equal to a constant.

In the first instance suppose that z is given as a function of x and y, z = z(z, y). We can
use the parametric representation of the surface where the parameters are now x and y so that
so that we can use Eq. 4.1 to calculate the surface normal. If we revert to the vector notation
we have

P(z, y) = (z, ¥, 2(z, y)) (4.90)

so that the two partial derivatives are then

P.= (1,0, z)
4.91)
P, = (0, 1, z,),
and their vector product is
P, xP,= —(zw, 2y, —1) (4.92)
which must be a surface normal. The unit normal vector must then be
1
N=- (4.93)

— 2z, 2y, —1).
T@;%uy )

The other possibility is that the surface is defined by a function of three coordinates
f(x, Y, z) = constant. (4.94)

We can interpret this equation as defining implicitly the function z = z(z, ) so that the total
derivatives are

d_of  ofox
der~ Or 0z0r
(4.95)
a _of [ 0foz _
dy 0y 0z0y
Reverting to the subscript notation for derivatives we can see that this is equivalent to
Ry = _f"/fz
{ o (4.96)
When these are substituted back into Eq. 4.93 we get
1
N = ———eee(fs, fy, [2) (4.97)

NI R
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which is exactly the normalized gradient of f

No Y (4.98)

V(VHZ

just as it should be.

This concludes the chapter on the Differential Geometry of Surfaces in which we derived
some of the general characteristics of surfaces represented by a vector function of two param-
eters. These include principal curvatures and principal directions, the properties of embedded
geodesic curves, the Weingarten equations and the transformation of parameters. As an exam-
ple, we looked at the conic section of revolution to which we will refer later. The treatment is
certainly not complete but sufficient for out needs in subsequent chapters.
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In Chapter 3 we derived the eikonal equation (Eq. 3.65) from Fermat’s principle of least time.

The Hilbert Integral from the Calculus of Variations was introduced which led to the Hamilton-

Jacobi theory of image formation. We also derived the eikonal equation for homogeneous,

isotropic media and obtained its general solution which will be the subject of this chapter.
The vector form of the eikonal equation as derived previously is

(3.65) (V) =n?,

which can be expressed in scalar form as

o\ (96N (96N
(5) +(5) +(5) = oD
clearly a non linear first order partial differential equation.

As always we will begin with simpler problems, then generalize to the more difficult. Here
we will begin with linear first order partial differential equations, with as much generality as is
appropriate, using the method of Lagrange, ! then proceed to specialize our results to non linear
equations by applying the method of Lagrange and Charpit as extended by Jacobi. > We will
develop general solutions for both linear and non linear equations. Using these methods we
will then find solutions to Eq. 5.1 and apply them to geometrical optics. We will not consider
methods other than these nor will we look at boundary value problems.

Just as general solutions of first order ordinary differential equations involve no more than
one constant of integration, solutions of first order partial differential equations contain no
more than one arbitrary function, the number of parameters of which is one less than the
number of independent variables in the differential equation. We will use this fact later when
we derive a general solution from a complete integral.

Recall that the eikonal is the optical path length from some arbitrary, fixed object point,
through the optical system, to some point in image space. The coordinates of that point in
image space are the arguments of the eikonal function. The coordinates of the point in object
space do not enter these calculations and shall be ignored.

Setting the general solution of the eikonal equation equal to a constant yields an expression
for the locus of points that have equal optical path lengths to the object point; in other words,
a surface of constant phase or a wavefront.

!Forsyth 1959, Vol. V Chapter I. Garabedian 1998, pp. 6-16.
2Forsyth 1959, Vol. V, pp. 55-89 Chapters VI and VIII. Forsyth 1996, pp. 392-407. Garabedian 1998, pp. 18-24.
Cohen 1933, pp. 250-253.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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To get this general solution we need to go through a number of steps, each of which will
be examined and explained as we proceed. Many of these steps will prove to be useful in
subsequent chapters.

We have already encountered the total differential equation in Chapter 3. Here we will first
look at the linear first order partial differential equation, then for the non linear case we will
look at the bilinear concomitant which will lead us to the method of Lagrange and Charpit as
modified by Jacobi. This leads to a solution called the complete integral which we then convert
to the general solution.

This we will apply to the eikonal equation. If we set the general solution equal to an optical
path length we introduce yet another parameter s representing the geometric distance between
successive wavefronts and with this additional parameter we get an expression for a wavefront
train.

5.1 The Linear Equation. The Method of Characteristics
This is also known as the method of Lagrange; * it has to do with equations in the form

8 0 0
99 +Q£+R8f¢ S, (5.2)
linear, first order partial differential equations. (Of course such an equation can contain any
number of independent variables but for the sake of convenience here we use only three.)

If S = 0 the equation is called homogeneous; otherwise, it is inhomogeneous. Consider
the homogeneous case first

8 0 0

¢ + qu5 + R8f¢ (5.3)
and assume that ¢(x, y, z) = 0 is a solution. By comparing Eq. 5.3 with the total differential
of ¢
¢ o¢ 99 ,

e+ 5 dy+ 5 -dz =0, (5.4)

d
¢= dy 0z

we can see that they are proportional; that there exists a function p such that
dx = Pdu dy = Qdu dz = Rdp. (5.5)

By eliminating ;1 we get the characteristic equations

d d d
w__ % (5.6)
P Q R
Equation 5.6 can be generalized to equations involving any number of independent variables.
Equation 5.6 consists of no more than two total differential equations. Generally, the
number of total differential equations is one less that the number of independent variables.

3Cohen 1933, pp. 15, 34-36. Korn and Korn 1968, pp. 101-102.
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Each has solutions; these must be functionally independent; between them there can be no
functional relationship. (In the more general case no characteristic can be a function of any of
the others.) These solutions are called characteristic functions or, more simply, characteristics.
The general solution of Eq. 5.2 is an arbitrary function of these two characteristics.

A very useful trick for finding characteristics comes from Eq. 5.5. If there exists functions
a, B3, and ~y such that

aP+BQ+~vR =0 (5.7)
then
adx + Bdy + vdz = 0. (5.8)

These two relationships lead to a method for forming linear combinations of the characteristic
equations in order to simplify the process of integration.
Consider the following trivial example

09 8(,25 8(;5

The characteristic equations are

de _dy _ dz

)

T y oz
which yields the two independent total differential equations
ydxr — xdy = 0, zdy —ydz = 0,
the solutions of which are the two characteristics

a=y/r, B=z/y,

so that the general solution is

¢ =¢(a, B) = o(y/z,2/y).

Calculating the partial derivatives of ¢ and plugging them into the original differential equation
shows that it is indeed a solution.
Now for the inhomogeneous case
<b ¢ 090

+Qy, TRy, =S

Suppose the solution is an implicit function, ¥ (¢, =, y, z) = constant. Then its partial
derivatives are

a¢+a¢a¢ . a¢+a¢a¢ . a¢+a¢a¢

O¢ Ox ’ 09 Oy ’ 0¢ Oz 0 (5-9)
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which gives us

%__o6s00 b o % _ _ov o 510
Oz 96’y a¢ 0z 9¢’ '
which, when inserted into the original equation yields
8 0 0 0
¢+Q£+R£+58$ 0, (5.11)

a homogeneous equation in four independent variables. Thus the problem is reduced to one
already solved.

5.2 The Homogeneous Function

The word homogeneous crops up, confusingly, in a number of distinctly different contexts; as a
linear homogeneous partial differential equation, as a homogeneous optical medium and also
as the homogeneous function that we encountered in Chapter 1.

From Eq. 1.19 recall that a function f(z, y, z) is said to be homogeneous if, for every
constant A, f(Az, Ay, Az) = X f(x, y, z). The derivative of this with respect to A is

xr z

aninhomogeneous partial differential equation to which we may apply the results of the previous
section, in particular Eq. 5.11, which we use to get the characteristic equations

dz _dy _ dz df

_ N _=_Y9 5.13
oy 2T (5.13)
which leads us to the three total differential equations
zdxr —xdz =0, zdy —ydz =0, zdf — fdz =0, (5.14)

that lead to the three characteristics

a=uzx/z B=uy/z, v =f/z, (5.15)
so that the general solution must be

Flay, B, v) = Flx/z, y/z, f/z) = constant, (5.16)
in which f is defined implicitly. In principle we can solve this for f and get

f=26(x/z, y/z), (5.17)

where G is another arbitrary function. This indeed does satisfy Eq. 5.12 and it also satisfies
the definition of the homogeneous function.
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5.3 The Bilinear Concomitant

For the moment, only as a matter of convenience, let us restrict ourselves to partial differential
equations with only two independent variables. Let z be the dependent variable and let p =
0z/0x and ¢ = 0z /0y be its partial derivatives. What follows can easily be generalized to
any countable number of independent variables.*

Suppose we have a non linear, first order partial differential equation in the form

F(x, y, 2z, p, q) =0, (5.18)

for which we seek a solution. Its helpful to think of F as a function of the five independent
variables z, y, z, p and ¢, forgetting for the moment that p and ¢ are themselves partial

derivatives of z.
Suppose further that there is a second differential equation

g(lE, Y, 2, D, Q) =0, (5.19)

that possesses the same solution. Then Eqgs. 5.19 and 5.20 can be considered as a simultaneous
pair and solved for p and g. However, F and G must be functionally independent; the Jacobian
must not vanish

(F, Q)
a(p,q)

When Eqgs. 5.18 and 5.19 are solved for p and ¢ they will be functions of x, y, and z. These
are then substituted into the total differential equation

£0. (5.20)

dz =pdzr+ qdy, (5.21)

which is then solved. As we have seen previously in Eq. 3.25 the condition for it to be exact is

dp  Oq
= === 22
oy Oz (5-22)

Now we take the derivatives of Egs. 5.18 and 5.19 to get

L _OF OF 0F  0F
dz 9y 8z P dp Pa dq o=

ag 0Gg  0g 0g 0g
Ir %+$p+87ppw+87qu_o
dF OF OF oF oF

_— = — _— —_— _— =0
dy 6y+8zp+8ppy+3qqy

dg 0g g g 0Gg
dfy _5'7y —i—gq “ra*ppy -‘raquy—o.

(5.23)

4Forsyth 1996, pp. 420-423. Cohen 1933, pp. 264-265.
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Now multiply the first of these by dG/dp and the second, by 9.F /Jq to eliminate p, and get
(8}' oG 090G 8}'> p(@f oG 0G 6]—')

dr Op Oz Op 0z Op 0z Op
L. (0F 0906 9FY _
“\Nog op 0q Op)

which can be written in a more compact form using the Jacobian notation

d(F,G) n d(F,G) d(F,G)

+ - = 0. 5.24
o) Pop) o) 629

In exactly the same way, from the third and fourth equations of Eq. 5.23, we can get

O(F,G)  O(F,Q) A(F,G)
0y, a)  ToGzq) T opa)

Finally, we add Eqs. 5.24 and 5.25, using the condition for exactness, Eq. 5.23. to get the
bilinear concomitant
oF.9)  OF.G) , OFG) , OF0G)
F, g]= + +p +q =0. (5.26)
9= 5w T owe PG TG
It is also known as the bracket. What we have shown is that for F and G to have a solution in
common is that [F, G] = 0. This condition is sufficient as well.

=0. (5.25)

5.4 Non-Linear Equation: The Method of Lagrange and
Charpit

To get a general solution to the non linear, first order partial differential equation we use the
method of Lagrange and Charpit® as extended by Jacobi.® Refer now to Eq. 5.18

Flx, y, 2, p, q) = 0.
We first find a second partial differential equation
G(z, y, 2, p, ¢) =0,

that has the same solutions as 7 = 0. To do this we use the bilinear concomitant, Eq. 5.26
which we expand to get

OF 0G  OF 0G OF 0G  OF 0G
<%%@w%<@mm@> 627
070G _0F0G\ (070G OF G\ _
P\ a2 Op Op 0z AE dp 9q 9z)

SForsyth 1959, Vol. V, pp. 156-159. Forsyth 1996, pp. 420-429. Cohen 1933, pp. 263-271.
SForsyth 1996, pp. 430—439.
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which we rearrange in the following way:

oOF OF \ 0G oF OF\ 0G
(ax *paz) a? (ay * ‘Jaz) 9q (:28)
OF 0G OF 0G oF O0F\ 0G
fffffff Po-tao— |5 =0,
dp 0 Jq Oy dp dq ) 9z

a linear partial differential equation for G and having x, y, z, p and ¢ as its independent
variables. As always subscripts denote derivatives. From Eq. 5.6, its characteristic equations
are

dp dq —dr —dy —dz

= = = 5.29
FotpF.  Fy+aF.  F (5.29)

T F,  pFa+aF,

Any characteristic of Eq. 5.29 is a solution of the bilinear concomitant, Eq. 5.26 and
therefore can serve as the function G in the simultaneous pair given in Eqs. 5.18 and 5.19.
These are then solved for p and ¢ that are then plugged into the total differential equation given
in Eq. 5.21, whose exactness is assured by Eq. 5.22 that was used in its derivation. The solution
of this is called the complete integral. It depends on arbitrary constants, not on an arbitrary
function and therefore cannot be a general solution.

5.5 The General Solution

The complete integral involves, in the case of equations with two independent variables, two
arbitrary constants. The general solution of partial differential equations must involve exactly
one arbitrary function of several variables; one less than the number of independent variables.
So the complete integral is really not at all complete.

Suppose we replace the arbitrary constants by arbitrary functions of the independent vari-
ables. But a general solution of a first order equation can have no more than one arbitrary
function; we may therefore apply any convenient condition to these arbitrary functions to
reduce them by one.

The following example demonstrates the method. Let F be partial differential equation; at
the same time it is a function of z, p and ¢

F=z—pg=0. (5.30)
Its derivatives are

Fo=Fy=0, F=1 Fp=-¢  Fy=-p (5.31)
so that the characteristic equations become, from Eq. 5.29

dz
P 4 g pg

dp _ dq _ dx (5.32)

From the first two members we get gdp — pdg = 0 which results in

p = aq, (5.33)
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where a is a constant of integration. Substitute this back into Eq. 5.30 to get ¢ = /z/a so
that the total differential equation becomes

dz = +vazdx + +/z/ady,
or

d
NE,

whose solution is

= Vadz +/1/ady, (5.34)

1
z= E(ax +y+b)? (5.35)

where b is a second constant of integration introduced in the quadrature of Eq. 5.34. This is
the complete integral.
Suppose we instead took the second and third members of the characteristic equations,

Eq.5.32, resulting in ¢ = x+¢, which, when substituted back into Eq. 5.30, yields z = p(z+c).
The total differential equation is then

dz = i

oy Cdac + (z + ¢)dy, (5.36)

which rearranges itself into

(x4 ¢)dz — zdx

=d 5.37
(x4 c)? v (5.37)

whose solution is
z=(x+c)(y+d), (5.38)

a complete integral distinctly different from that given in Eq. 5.35. The complete integral is
then not unique. We will show that each leads to the same general solution.

Take the first complete integral from Eq. 5.35 and replace the two constants of integration
by arbitrary functions a(x, y) and b(z, y); thus

da(z, y)z = [a(z, y)x +y + bz, y)]* (5.39)

As it stands this solution contains two arbitrary functions, a(x, y) and b(z, y). But a first
order partial differential equation must have a general solution that involves no more than one.
We may then impose any convenient restrictions on these two functions. Moreover it turns out
that with the two new functions Eq. 5.39 no longer satisfies the given equation. We choose
constraints to correct this.
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First we calculate the two derivatives of z

1
2y = %[(ax +y+b)(a+ax+by)— 2za,]

2 [Vaz(a+ azx + by) — za,)

Vaz + é [Vaz(a,x + by) — za,) (5.40)
1
=p -1-a laz(zv/az — z) + byv/az]

1
Zy=q+ - lay(zv/az — z) + byv/az] .

Next, we choose a and b in such a way that z; = p and z, = ¢, thus assuring that the
original differential equation, Eq. 5.30, is satisfied. That leaves the following conditions

az(xv/az — z) + byv/az =0
ay(zv/az — z) + byv/az = 0,

which, when cast in matrix form, becomes

agz by T\ az — z 0
= . (5.42)
(ay by) ( vaz > <O>

This is a linear system with two possible interpretations.” If the determinant of coefficients
does not vanish then there can be only a trivial solution, namely, z = 0, the singular solution.
Now suppose the determinant of coefficients is equal to zero. This determinant is a Jacobian;
its vanishing implies the existence of a functional relationship between a and b. Suppose that
relationship is b = f(a) so that b, = a,f, and b, = a,f,. Plugging these into the two
equations of Eq. 5.41 results in the single equation

(5.41)

zvaz —z+ f'Vaz = 0. (5.43)

Now we adjoin Eqgs. 5.35 to 5.43 to get the general solution

_ 1 5
z= 5 [ax +y + f(a)] (5.44)

z+ f=+/z/a

Unlike the linear equation, this general solution contains not only the arbitrary function f(a)
but its first derivative as well. It also consists of two separate equations. To obtain a specific
solution from Eq. 5.44, as in the case of an initial value or a boundary value, one needs only
to find an appropriate function f and then eliminate a. By choosing a different f we obtain

"Dickson 1939, pp. 131-132.
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a different particular solution, et cetera, ad infinitum. One can think of the general solution
as consisting of the totality of these particular solutions. There is yet another approach to the
idea of a general solution that we will use later.

Now return to the other complete integral given in Eq. 5.39, replace ¢ and d by arbitrary
functions, and take its two partial derivatives

Ze =y +d)+ce(y+d)+du(x+c)
=p+ca(y+d) +da(z+0)
(5.45)
zy= (@ +e) ey +d)+dy(z+c)
=q+cy(y+d) +dy(z+o).
Again, we choose c and d so that z; = p and z, = ¢ to get
cz(y+d)+dy(x+c¢)=0
( ) ( ) (5.46)
¢y(y +d) + dy(z + ) = 0.

For the general solution, the determinant of coefficients, the Jacobian, must vanish, a re-
lationship then must exist between ¢ and d, say d = g¢(c), which yields, from Eq. 5.46,
y+ g+ (z+ ¢)g’ = 0. This and Eq. 5.38 constitute a different form of the general solution

z=(rx+c)|y+g(c
(z+ )y +g(c)] 5.47)
y+g(c)+ (z+c)g'(c) =0.
Note that from these two relations a third can be obtained
z=—g(z+c)> (5.48)

The point here is that these two forms of the general solution, given in Eq. 5.44 and in
Egs. 5.47 and 5-48 are really the same. Here if we substitute these expressions, ¢ = (y+ f)/a,
¢ = —a/4and g = (ax — y + f)/2 into the Egs. 5.47 and 5.48 we will get the first equation
of Eq. 5.45; the second will be satisfied. The point of all this is to demonstrate that the general
solution can be expressed in a number of equivalent forms and that one can be transformed
into the other.

5.6 The Extension to Three Independent Variables
Now suppose our first order equation possesses three independent variables, x, y, and z; thus

F(x, y, 2, ¢, ¢z, by, ¢-) =0. (5.49)

Again we replace the three partial derivatives by three symbols

D1 :¢ra D2 :¢ya P3 :¢z7
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so that the differential equation in Eq. 5.49 takes the form of an algebraic equation in seven
variables

f(I, Y, z, ¢7 P1, P2, P3) = O (550)

The characteristic equations now take the form

dp; _ dps __ dp
Fet+mFy  Fy+pFy F.+p3Fy (5.51)
—dr —dy —dz —d¢ '

For Foa Fos 01Fps 4 02Fps + D3Fp
From these we extract two independent characteristics, say, G; and Go, which, together
with F give us three algebraic equations
F(z, y, z, ¢, p1, p2, p3) =0
Gi(x, y, 2, ¢, p1, P2, p3) =0 (5.52)
Ga(w, y, 2, ¢, P1, P2, P3) =0,

which we solve for p;, ps and p3

n= Az, y, 2, @)
po= As(x, y, 2, @) (5.53)
ps = As(z, y, 2, 9),

which is substituted into the total differential equation

do = prdzx + pady + p3dz = Ardx + Asxdy + Asdz, (5.54)

whose solution is the complete integral. The general solution is obtained from the complete
integral in the same way as given in the examples.

5.7 The Eikonal Equation. The Complete Integral

We use the method of Lagrange and Charpit to solve the eikonal equation, given in vector form
in Eq. 3.65 and in scalar form in Eq. 5.1.

We restrict ourselves to homogeneous, isotropic media, otherwise the rather simple char-
acteristic equation that follows will be complicated by the presence of the derivatives of n, the
refractive index of the medium.

Moreover, the function ¢(z, y, z) is equal to the optical path length from some arbitrary
but fixed object point, through an optical system, to the point (z, y, z). By setting this equal to
a constant the result is the equation of a surface with the property that each point is equidistant,
in terms of optical path length, from that object point. This surface is then a surface of constant
phase or, more simply, a wavefront.
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In what follows we use the definitions introduced in Eq. 5.51 so that the eikonal equation,
Eq. 5.1, takes the form of an algebraic equation

F=pi+p;+p;—n’=0. (5.55)
Then
‘7:111 = 2p1, ‘7:102 = 2pa, ‘7:1)3 = 2ps, fm:ﬂ:fz=f¢:0, (3.56)

so that the characteristic equations become

dp1  dpy  dps —dx —dy —dz —d¢
0 0 0 2py 2po 2p3  2(pi +p3 +p3)
We choose the simplest two, dps = 0, and dp3 = 0; these lead to
b2 =, b3 = w, (558)

where v and w are constants of integration. These are substituted into the original equation,
Eq. 5.56 which yields

p1 = vVn2—0v?2 —w?, (5.59)

so that

de = \/n? —v? — w2dzx + vdy + wdz. (5.60)

Integrating this yields the complete integral

¢ =zvVn?—1v2—-w?+yv+zw+k, (5.61)

where k is a constant of integration. Luneburg® came this far but unfortunately stopped.

As we will see later the general solution of the eikonal equation is unable to represent plane
waves but the complete integral can. Luneburg did develop a theory of optical wavefronts,
based only on plane waves, as singularities propagating through a medium.

Now ¢ is a function equal to the optical path length of a ray from some arbitrary starting
point to (z, y, z). By setting ¢ equal to a constant we get the equation of the locus of points
with constant optical path length that start from an arbitrary but fixed object point, that is to
say, a wavefront. If we designate this constant by ns, where s is a geometrical distance, we
obtain the equation for a one-parameter family of wavefronts

6= ns, (5.62)

where s is the distance parameter.

8Luneburg 1966, pp. 21-57.
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5.8 The Eikonal Equation. The General Solution

Now we pass to the general solution. Assume that v, w and k are functions of x, y and z. Then
the derivatives of Eq. 5.62 are

VU + ww

br = n2—v2—w2—x%+yvm+zwx+k$,
n2 —ov? —w
VU, + ww

¢y = v oy + 2wy + ky, (5.63)
n2 —v2 —w

. VUV, + WW,

¢, = w — Tt YU + 2w, + k.

n2 —v? —w

For F, = p1, etc. it must be that
(y —vz/u)v, + (2 — wz/u)wy + ke = 0,
(y — vz /u)vy + (2 — we/uw)wy + ky =0, (5.64)
(y —vx/u)v, + (z —wzr/wv)w, + k, =0,

where we have taken © = v/n? — v2 — w?.

Write Eq. 5.64 in matrix form

Vy Wy kx Yy — U-T/U 0
vy Wy ky z—wz/u | =10]. (5.65)
v, w, ks, 1 0

A non trivial solution will be obtained if and only if the determinant of coefficients is zero.
That determinant is a Jacobian; if the Jacobian vanishes then there exists a relation between
the functions v, w and k. Suppose that relationship is given by k& = k(v, w). Inserting this
into Eq. 5.64 yields

(y —vx/u+ky)vg + (2 — wz/u+ ky)wy, =0,
(y —vz/u+ ky)vy + (2 — wx/u+ ky)wy, =0, (5.66)
(y —vx/u+ky)v, + (2 —wz/u+ ky)w, =0,
which, in turn, results in
y— vx/u+k, =0,
{z - wx;u + ky=0. 667

Equation 5.67, when conjoined with the complete integral, Eq. 5.63, comprises the general

solution
¢ =a\/n? — 02 —w? + yv + 2w + k(v, w) = ns,

y —vz/u+k, =0, (5.68)
z —wz/u+ ky = 0.
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To apply this, choose some specific function of two variables for k£ and substitute it into
Eq. 5.68. Then, by eliminating v and w (and therefore u) between the three equations the result
is, say, z = z(z, y, s), the equation of a train of wavefronts.

However we will use an alternative technique. Recall that the eikonal ¢ is the optical path
length from some arbitrary but fixed object point to the point (z, y, z) and that by setting ¢
equal to a constant we get the equation of a surface whose points all have the same optical
path length from the object point. In particular we set ¢(x, y, z) = n s as we already have in
Eq. 5.68. We retain the parameters v and w and solve Eq. 5.70 for x, y and z as functions of v
and w. The solution of the simultaneous system in Eq. 5.68 is

1
= ﬁ[(ns — k) + (vky + wky)|u,
Y= %[(ns k) + (v + wh)]v — ko, (5.69)
z= ! [(ns — k) 4+ (vky + wky)|w — ky.

n2

Now define these vector quantities

W= (z,y, 2)
S =(u, v, w) (5.70)
K = (07 kva kw)v

and the scalar quantity
q=(ns —k)+ (vk, + wky) = (ns—k)+ S - K, (5.71)
The expression for the general wavefront can then be written in the form of a vector equation

W (v, w, s) = %s K. (5.72)

The function k(v, w), which we refer to as the k-function, is the arbitrary function that
arises in obtaining the general solution of the eikonal equation and v and w are the parameters
that appeared in the complete integral.

For each value of s, W in Eq. 5.72 defines a surface in space, all points of which are
equidistant (measured as an optical path length) from some arbitrary but fixed initial point and
is therefore a wavefront. By allowing s to vary we generate a one-parameter family of surfaces
that constitutes a wavefront train.

In the k-function resides all of the geometric properties of every wavefront in the train. If
the wavefront train originates at some object point, then passes through some optical system,
the k-function contains all the geometrical aberrations of that lens associated with that object
point.

‘We make the distinction here between the geometric properties of the wavefronts and other
properties that arise from the physical nature of electromagnetic radiation. In Chapter 10 we
will investigate this difference further.
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5.9 The Eikonal Equation. Proof of the Pudding

It must be that W (v, w, s) givenin Eq. 5.72 must satisfy ¢(W') = ns. By taking the derivative
of ¢ with respect to v, w and s results in

V¢-W, =0
V¢ - W, =0 (5.73)
Vo - W, =n.

From the first two of these equations we can get

(Vo W)W, — (Vo W, )W, = Vo x (W, x W,) = DV x W, =0,
(5.74)

which tells us that V¢ and W are parallel; for some p, V¢ = W . From the third equation
of Eq. 5.73 we can see that ;4 = n which leads to

Vo =nW,. (5.75)

By squaring this we get back the eikonal equation.

The k-function

The function k(u, v) is the arbitrary function that arises in the general solution of the eikonal
equation and v and w are the parameters that came from the complete integral.

For each s, we have a vector function of two parameters which describes a surface in space
all points of which are equidistant (measured as an optical path length) from some arbitrary but
fixed starting point and is therefore a wavefront. By allowing s to vary we get a one-parameter
family of surfaces that constitute a wavefront train.

In the k-function resides all of the geometric properties of every wavefront in the train.
If the wavefront train is generated by light from some object point that passes through a lens
then its monochromatic geometrical aberrations are all contained in the k-function. We make
the distinction here between the geometric properties of the wavefronts and the diffraction
effects that arise from the physical nature of electromagnetic radiation. In Chapter 10 we will
investigate this difference further.

Each of these wavefronts corresponds to a fixed value of s and is therefore represented by
a vector of two parameters. This permits us to analyze the wavefront from the point of view
of the differential geometry of surfaces that we encountered in Chapter 4. This is the topic of
the next chapter, Chapter 6.
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In Chapter 4 we found that surfaces can be represented by vector functions of two parameters
and that the choice of parameters had no effect on their geometric structure. For example, the
unit normal vector IN, because it is a surface property, is invariant with respect to parameter
transformations. In addition we found that at each regular point of a smooth surface the
curvature of a normal section assumed extremum values in two orthogonal directions. These
curvatures are called the principal curvatures at that point and the two directions are referred
to as the principal directions.

In Chapter 5 we obtained a general solution of the eikonal equation for homogeneous,
isotropic media that we interpreted as one-parameter families of wavefronts. These depend on
a length parameter s that is associated with individual members of the family, and v and w,
two of the reduced ray direction cosines. The general solution of the eikonal equation includes
an arbitrary function, the k-function, that depends on v and w but not on s. The geometric
properties of each wavefront in the wavefront train depends entirely on the k-function and its
first derivatives.

We now have an analytic expression in vector form for wavefront trains in homogeneous,
isotropic media. In this chapter we apply the differential geometry of surfaces to the general
expression for a wavefront. This leads to the calculation of the wavefronts’ principal curvatures
and principal directions. This is the principal objective of this chapter.

6.1 Preliminary Calculations

Now to get to specifics. From Chapter 5, we have the solution of the eikonal equation

q

(5.72) W (v, w; s) = ﬁSfK,
where
(5.71) q = (ns—k)+(vk,+wk,) = (ns—k)+S-K,
and where

S = (u, v, w) S? = n?
(5.70)

K = (0, kv, ku).

As always, subscripts signal ordinary or partial differentiation.
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We will need the three partial derivatives of W. These are

1
W, = E(S~K1,)S—KU+% S,

1 q (6.1)
W, = (S K.)S -~ K+~ S,

W, = 1s,

where ¢ is defined in Eq. 5.71. Recall from Eq. 5.70 that S = (u, v, w) where we have taken
u = v/n? — v? — w?2. The derivatives of S are then

1 1
S, =——(v,—u, 0)=——(SxZ
(0, —u, 0) = (S x 2)

) ) (6.2)
Suw= —a(w, 0,—u)= —(SxY).

u
The vectors X, Y and Z are the three unit vectors in the direction of the three coordinate axes.

On substituting Eq. 6.2 into Eq. 6.1 we get

w, Z%SX {(SXK@)—%Z} o
Ww:%Sx {(Swa)%—%Y}.

The first fundamental quantities that were defined in Eq. 4.4, in this context, become
E=W?2 F=W, - W, G=W2. (6.4)
We use Eq. 6.3 to calculate F.
ntu?E = {S x [u(S x K,) — ¢Z]}?
=n?[u(S x K,) — ¢Z]*> — {S - [u(S x K,) — ¢Z]}*
= n* {0 (ky, + k3y) — (kv + whi)? (6.5)
—2u’qky, + ¢°} — ¢?w?
= 2P [ky H — (n? — w*)T? — 2qk,,] + ¢*(n* — w?)
where
H = (n? —v)kyy + (n? = 0*)kypw — 20wkyy, (6.6)
and

T2 = kvvkww - kQ

vw*

(6.7)
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We also calculate F' and G in the same way to get
n*u?E = (¢® — n2u?T?)(n? — w?) + nu?(H — 2q)kyy
ntu?F = (¢* — n?u*T?)ow +n2u?(H — 2q)kyw (6.8)
ntulG = (¢® — n?u®T?)(n? — v?) + n*u?(H — 2q)kyw-
Also from Chapter 4 we have the expression for the element of surface area,
(4.8) D? = (W,xW,)? = EG-F?,
and the unit normal vector,
(4.7) N =(W,xW,)/D.

To calculate D we use the derivatives in Eq. 6.3, the first fundamental forms in Eq. 6.5 and the
quantities defined in Egs. 6.6 and 6.7 in the following:

nSut(EG — F?)
= [(¢* — n*u®T?)(n* — w?) + n*u*(H — 2q)kyo)
x[(¢* — n*u®T?)(n* — v?) + n*u?(H — 2q)kuww]
—[(¢* = n*u*T?)vw + n*u?(H — 2q)kyy)?
= n2u2[(q® — n®uT?)?
g — T (H — 2q)H + n*a(H — 2)°T?].
=n2u?[¢*(q — H)? + 2n°u?T?q(q — H) + n*u*T*
lq(q —

— n242 H) + n2u?T?)2,

(6.9)

a(q

a perfect square. It follows that
1
= —(¢> = Hq + n*u®T"). (6.10)
n
Now we come to the second fundamental quantities defined as,
L =N-W,,=-N,- W,
(431) M=N- va = *Nv : Ww = *Nw . Wv
N =N -W,,=-N, -W,.

Now we make use of Eq. 6.1 in which W,, and W, are determined. Since N = S/n we can
use Eq. 6.2 to get N,, and N, which leads us to the second fundamental quantities

nulL = n2u?k,, — q(n® — w?)
n3ulM = n?ukyy — quw (6.11)

n3ulN = n2u%ky, — q(n? — v?),
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in which we use Eq. 4.31.
The direction vectors are,

W, + AW,
+ = .
\/E +2F\. + GAL

(4.14) T

If the values of A are the two roots of the quadratic polynomial,

(4.19) (EM~FL)+(EN-GL)A(FN-GM))* =0

then the directions given in Eq. 4.14 are principal directions. In that case the two equivalent
versions of the formula for curvature are,

1 L+Mii M+NA

pr E+FA F+GA

(4.25)

From Eqgs. 6.5 and 6.11 we get the coefficients of the polynomial in Eq. 4.19
n*u(FN — GM) = D [(n?® — v})kyw — vk ]
n*u(EN — GL) = D [(n* — v})kyy — (n® — w?)kuww] (6.12)
n*u(EM — FL) = D [—(n* — w?)kyy + vwky, |,
so that Eq. 4.19 takes the form
[(n2 — ) kyy — vwkww] A2+ [(n2 — )k, — (0 — wz)kww] A
— (n? = w?)kyy + vwky, =0, (6.13)
whose solution is
— [(n2 — 0 kyy — (n? — wQ)kww} +S
2[(n? = v?)kyw — VWkyw |

Ay = , (6.14)

where
S? = H? — 4024?72, (6.15)

The quantities H and T are defined in Egs. 6.6 and 6.7.
Now refer back to Eq. 4.25, a pair of equations for the two principal radii of curvature, in
terms of the parameter A\. We eliminate \ between these to get a quadratic polynomial in p

(LN — M?)p*> + p(2FM — EN — GL) + (EG — F?) =0, (6.16)
the coefficients of which turn out to be, using Egs. 6.5 and 6.11
LN — M? =D/nu
EN +GL —2FM = D(H — 2q)/n*u (6.17)
EG — F*? = D2
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On substituting these relations into the polynomial in Eq. 6.16 it becomes
np? — (H — 2q)p +n*uD = 0, (6.18)

whose solution is

1 1 H+S
pr =5 [H-2q£8]=—— (q— ) (6.19)
n n 2

where S is given in Eq. 6.15. Note that S is the discriminant of both Eq. 6.13 and Eq. 6.18.
The two values of p so obtained are the two principal radii of curvature.
From Eq. 6.19 we can see that the expression for D in Eq. 6.10, factors into

1 H+S H-S 1
D= <q - > (q - > = PP (6.20)

" ndu 2 2

which shows that D vanishes whenever one of the principal radii of curvatures vanishes.

6.2 The Caustic Surface

Among the artifacts of geometrical optics, rays possess no physical reality; wavefronts can not
be seen, their presence must be observed indirectly by means of interferometry. On the other
hand the caustic surface is indeed real and can be seen and photographed.! Yet of the materia
of geometrical optics it is the least understood and almost completely ignored.

The caustic can be defined as the envelope of the system of the orthotomic rays encountered
in Chapter 3. The definition that we will use here is that the caustic is the locus of the principal
centers of curvature of a wavefront. This reveals most clearly the arcane properties of the
caustic and imply its possible use in optical design.?

Select one wavefront in the train and on that wavefront select one point; in doing so we fix
v, w, and s. For these values there will be two values of p from Eq. 6.19, the two principal
radii of curvature and therefore distances to the two principle centers of curvature. The point
on the wavefront is given in the usual way from Eqs. 5.71 and 5.72

1
W(v, w, s) = ﬁ[ns—k—&—(S-K)]S—K.
Through that point passes exactly one ray. We move along that ray the two distances p and
p—. This takes us to the two principal centers of curvature. Perhaps it would be clearer to say
that if CL represents the two principal center of curvature then C. = W + (p1/n)S. By
making the obvious substitution using Eq. 6.19 we get
1
Ci=—(HxS)S-K. 6.21

+ 27’L2 ( ) ( )
Now we allow v and w to vary and generate the locus of the principal centers of curvature or
the caustic surface. We can see from all this that the caustic is a surface of two sheets each

ICagnet et al. 1962
2Stavroudis 1996.
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Figure 6.1: The mantle and the spike.

corresponding to one of the branches of C. Moreover C4 (v, w) is independent of s and
therefore is a property of the entire wavefront train. The shape of the caustic depends only on
the k-function and its first and second derivatives.

To visualize this consider the image of an axial object point produced by a rotationally
symmetric optical system. In this case C_ degenerates into the segment of a straight line lying
on the axis of symmetry. This we refer to as the spike. Surrounding the spike is the mantle, a
rotationally symmetric surface that is centered on the axis. This is shown in Fig. 6.1.

We define K, the Gaussian curvature at a point, as the product of the two principal curva-
tures at that point. Those for a wavefront are, 1/p and 1/p_ so that K = 1/p;p_. From
Eqs 6.19 and 6.20

K= s 6.22
nuD  ¢2 — qH + n2u2T?’ (6.22)
where q, H and T? are defined in Eqs. 5.71, 6.6 and 6.7, respectively.

Now refer back to Eq. 6.20 in which D, the wavefront element of area, and Eq. 6.22, which
relates D and K, the Gaussian curvature. Where a wavefront passes through a principal center
of curvature the quantity p vanishes. It follows that D must also vanish and the Gaussian
curvature becomes infinite. We can interpret this as a crease or fold of the wavefront that forms
a cusp. This means that we can add to our definitions of caustic that it is the cusp locus of the
wavefront train.

6.3 Special Surfaces I: Plane and Spherical Wavefronts

There are two special cases that are nevertheless common. In the case of the plane wavefront
we are faced with the same paradox that led Hamilton to distinguish several different classes
of eikonals, what he called characteristic functions. Consider the point eikonal which depends
on the coordinates of points in space, and the angle eikonal, that has direction cosines as
arguments. The expression for wavefronts that we are using here depends on representations
of the direction its associated rays. In the case of the plane wavefront, on the other hand, the
ray direction is fixed and the complete integral, as in Eq. 5.61, seems the more appropriate
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"\

Figure 6.2: The spherical wavefront.

means for its representation. Indeed Luneburg? did this with considerable success from which
he developed a theory of wave propagation distinctly different from that presented here.

The spherical wavefront is an entirely different matter in that it is completely consistent
with the general solution of the eikonal equation. Figure 6.2 illustrates this. Let the point
(0, —h, —t) be the center of a concentric train of spherical wavefronts. Then, when s = 0 in
Eq. 5.72, the expression for W (v, w, 0) must degenerate into (0, —h, —t) so that

W(o, w, 0) = %(—k +S K)S—K = (0, —h, —1). 6.23)

For this to happen it must be that
k=S K, (6.24)

which indicates that in this case the k-function is homogeneous as indicated in Eq. 5.13. From
Eq. 6.24 it follows that

ky = h, ky =t. (6.25)
From these two results we get an expression for the k-function
k=vh+wt. (6.26)

The expression for the train of spherical wavefronts then becomes

W(v, w, s) = %s — (0, B, t). (6.27)

3Luneburg 1964, Chapter 1.
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To get the derivatives of W we must use Eq. 6.2 which yields
W, =2 (SxZ), W,=—(SxY). (6.28)
nu nu
To get D we first calculate
$2
W, x W, = _W(S xZ)x (SxY)

2

s
= [S-(ZxY)]S
) (6.29)
s
= a8 %8
52
~ n2u
Then
4
2 2 S
D :(WUXWw) :TLTUQ7
so that
52
D="—. (6.30)
nu

We will return to the spherical wavefront in Chapter 9.

6.4 Parameter Transformations

As we have stressed repeatedly in previous chapters the transformation of the surface parameters
does not in any way effect the geometry of a surface;

We introduce two new parameters, p and ¢, into the vector function for the wavefront W
just as we had done in Chapter 4

(4.42) P(p, q) = P(v(p, q), w(p, q)).
By substituting W for P for the derivatives of Eq. 4.43 we get
W, =W, v, + W, w,
{Wq =W, v, + W, w,.

6.31)

In what follows lower case letters will indicate the first and second fundamental quantities
associated with the parameters p and ¢q. The first fundamental quantities are calculated from
Chapter 4

e =FEvl+2F v, w, + Guw
(4.45) f=Euvpyvg+ F (vpwg + vgwp) + Gwpw,
g=Ev;+2F v w, + Guw.
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In exactly the same way we calculate the second fundamental quantities. Again referring
back to Chapter 4, in particular to,

I =Lvl+2Muv,w, + Nw?
(4.52) m= Lv, vy + M(v,wq +vqwp) + N w,w,
n = L2 +2M vg wq + N wy.

In terms of the fundamental quantities for the new parameters, p and ¢, the principal
curvatures are

1 I+Atm  m+Ain

— = = , (6.32)

px et f 4+ Ag
this from Eqgs. 4.18 or 4.25. Here A is a solution of the quadratic polynomial

(em — f1) + (en — g + (fn — gm)A* =0, (6.33)
from Eq. 4.19, whose solution is

—(en—gl)+ R
Ay = —=————. (6.34)
2(fn —gm)

This comes from Eq. 4.20; R, the discriminant of the quadratic equation in Eq. 6.33, is defined
in Eq. 4.21 as

R = (en — gl)* — 4(em — fI)(fn — gm). (6.35)
An alternative expression for A is

—2(em — fl)

Ap = ——————. 6.36

* (en—gl) xR (6.36)

From Egs. 4.22 and 4.23 the two orthogonal principal directions are given by the unit vectors
W, + AW

ty = —vp AL Wq (6.37)

Vet e +g\i

Suppose next that the p and ¢ directions are the principal directions. Then W,, and W,
are vectors tangent to the two orthogonal geodesic curves in the principal directions. It follows
that f = 0, because the two directions are orthogonal, and that m = 0 since they are principal
directions. From Eqgs. 4.47 and 4.53

Fvyv, + F(v,w, +vow,) + Guwyw, =0
{ pUq (vpwy gWp) pWq (6.38)

Loyvg + M (vpywy + vewp) + Nwpw, = 0.

If we make the substitutions w, = A,v, and w, = A,v,, just as we had done in Chapter 4,
this becomes

{E + F(\p+ Ag) + GA\ A =0

(6.39)
L+ MM, 4+ Ag) + NApAg = 0.
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Now we make the identification A\, = A1 and A\, = A_ where Ay and A_ are solutions of the
quadratic polynomial equation in Eq. 4.19. Their sum and product from one of Gauss’ many
theorems, given in Eq. 4.23, satisfy both equations of Eq. 6.39.

As in Chapter 4 when f = m = 0 the polynomial in Eq. 6.33 becomes ephemeral and we
can take as the two roots A\, = 0 and A\, = co. We can justify this by noting that, in general
en — gl # 0 (an exception to this will be discussed below) so that neither en — gl + R nor
(en — gl) — R vanish. On the other hand fI — em = 0. Now refer to Eq. 6.34, in which we
can see that \; = 00, and to Eq. 6.36 which yields )\, = 0.

The remaining two equations in Eq. 4.45 become

e=v2(E+2F\, 4+ GX\2) 640)
g=v2(E +2F\g + GA\2); '
those from Eq. 4.52 are
l :vg(L—I—QM)\p—i—N)\I%) 6.41)
n=v2(L+2M\, + NA2). '
Now from Eq. 6.32 we can see that the two principal curvatures are
1 l 1
— =2 4 _n (6.42)
Pp € Pq g

just as they should be.

Now we can return to the question of the case when en — gl = 0. This happens if and
only if the two curvatures are equal in which case there are no principal directions and all three
coefficients of the quadratic polynomial equation that defines the principal directions are zero.
Such a point is called an umbilical point.

6.5 Asymptotic Curves and Isotropic Directions

In Chapter 4 we mentioned two features of geometric surfaces, asymptotic curves and isotropic
directions. Asymptotic directions, as in the case of any direction on a surface, is given by the
expression for the unit tangent vector, Eq. 4.14, where in this case A is the solution of

L+2MX\+ NX2 =0, (6.43)

this from Eq. 4.12. If Eq. 6.43 has a real solution then, according to Eq. 4.15, the curvature of
a geodesic curve in the asymptotic directions must vanish. The asymptotic curves then must
be straight lines.
By substituting the second fundamental quantities from Eq. 6.11 this becomes
[n2u?kyy — q(u? 4 v?)]
+ 2[n2ukyy — quw]\ (6.44)
+ 02Uk — q(u® + w?)]A? = 0.
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The discriminant of this quadratic polynomial equation is
A? = [n%u2kyy — quw)?
—[n2u2ky, — q(u?+02)|[n*u ke — q(u? +w?)]

= —{ntut(kyykww — k2,)

(6.45)
—qn2u?[kyy (n? — v?) + kyw(n? — w?) — 20wk,yy,]
+@2[ut + u2(v? + w?)]}
= —n2u[¢? — qH + n2u?T?),
where we have used Eqgs. 6.6 and 6.7.
For ) to be real the discriminant must be positive so that
¢® — Hq+n*u*T? = nuD =n?p p_ <0. (6.46)

so that p4 and p_ must have opposite signs. This means that the wavefront must lie in a region
where it has a saddle point. For this to happen the wavefront must lie between the two caustic
sheets which implies that these two branches of the caustic must be disjoint. This can be seen
in what follows.

The values of ¢ for which asymptotic directions exist are determined by the inequality in
Eq. 6.46. The boundaries for these values must be the two solutions of the equation obtained
by replacing the inequality by an equal sign thus

q2 —Hq+n2u2T2 — O

where the discriminant is H? — 4n2u?T? = S? from Eq. 6.15 so that the two values of ¢+ are

1
4+ = §(H +S8) (6.47)
But ¢ = ns — k+ S - K so that the bounds of s are
1 1
§izﬁ k:—(S-K)+§(Hﬁ:$) (6.48)

From Eq. 6.21 we can calculate

1
Ci-S=

S(HES) (S K)

from which we can get
1
Sy = g(k +Cy-8S). (6.49)

The bounds of s, s, are functions of v and w.
When we substitute the two values, ¢+ into the expression for the wavefronts given in
Eq. 5.72 we get

1
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which shows that the boundary surfaces for the region in which asymptotic directions exist is
exactly the two sheets of the caustic surface. The two sheets must therefore be disjoint which
implies that H must vanish and that 72 be negative.

What all of this means is that a condition of the existence of asymptotic curves on a
wavefront is that

H= (n2 — vz)kw + (n2 — w2)kww — 20wk, =0, (6.51)

a partial differential equation of the second order. This we will return to in Chapter 8, Aberra-
tions in Finite Terms.
The isotropic directions are treated in a similar way. Here the defining equation is

E+2FA+GX =0, (6.52)
which becomes, after substitution from Eq. 6.5
(a2 = n2u2T2)(n? — w?) + n2u? (H — 2q) k]
+[(¢* — 2w T?*)vw + n*u?(H — 2q)kyw] A (6.53)
+[(¢* — n2u®T?)(n? — v?) + n2u?(H — 2q)kww]\2 =0
whose discriminant is far more difficult to calculate and far less rewarding.
A? = [(¢® — n*uT?)vw + nu?(H — 2q)kyw)?
—[(¢? = n*u?T?)(n? — w?) + n>u?(H — 2q)ky,]
<[(q* = n*u?T?)(n® — v?) + n*u®(H — 2q)kuu]
—n?u?{(¢* — n®u®T?)? + H(¢* — n*u®T?)(H — 2q)
+n?u?T?(H — 2q9)?}
= —n2u2(¢? — Hq + n?uT?)?,

(6.54)

This quantity can never be positive so that there are no real solutions for A. This indicates that
there can be no isotropic directions for wavefronts.

This concludes this chapter on wavefronts. In it we have found the principal directions and
principal curvatures of each wavefront in a wavefront train as well as its caustic surface. We de-
rived expressions for transforming the wavefront parameters. We also looked at the possibility
of there being asymptotic curves imbedded on the wavefront. We also found that wavefronts
can have no isotropic directions. We examined two special cases, the plane wavefront and the
train of spherical wavefronts. These items will be treated further in subsequent chapters.

At this point it should be evident that the k-function and its derivatives determine completely
the structure of the individual wavefronts in a train and the associated caustic surface.



7 Ray Tracing: Generalized and Otherwise

Rays are the trajectories of those mysterious particles of light that, anthropomorphically, seek
the quickest path in their peregrinations from one point to another. It is indeed remarkable that
these mindless abstractions can determine their routes without the need of any of the tools,
abaci or Crays, that we mere humans require. So we come to the point in our journey where
we need to contemplate methods and aids to match wits with these peculiar objects.

Rays, those trajectories of non existent corpuscles, are ephemeral things with no visible
means of support. Yet the concept is real enough to be eminently useful in the analysis and
design of optical systems.

A lens is an array of light transmitting or reflecting elements, usually glass, each with a pre-
determined refractive index and dispersion, whose surfaces are ground and polished according
to some design prescription. They can be separated by air, an optical medium, or they can be
cemented together.

Ray tracing is the process whereby ray intercepts and direction cosines are calculated from
surface to surface, through each medium in the optical system. The object of ray tracing is to
determine whether the lens satisfies its prescribed specifications prior to its fabrication and is

therefore of fundamental importance to the optical designer.

In interpreting the results of ray tracing several devices are used. Spot diagrams! are

plots of the coordinates of rays, originating at some object point, that are intercepted by a
plane in image space. Herzberger’s diapoints?, points formed by the intersection of rays with
the meridional plane, can also be displayed. Plots of the caustics points are obtained from
generalized ray tracing. Ray tracing also provides data for programs that attempt to predict the
effects of diffraction on lens performance. These go beyond the scope of this work and will
not be discussed here.

We have already encountered ray paths in inhomogeneous media in Chapters 1 and 2. In
this chapter we will consider only homogeneous, isotropic media in which the refractive index
is constant and rays are straight lines. First we will develop the mechanics of conventional
ray tracing (referred to as otherwise in the chapter heading) where the parameters are the ray’s
direction cosines and the coordinates of a point on that ray.

Following this we will generalize the ray tracing equations to include the calculation of
the local properties of the wavefront; its principal directions and its principal curvatures, at
the point where ray and wavefront intersect. These are a generalization of the Coddington
equations. I call this processes generalized ray tracing. With these it is possible to calculate

"'Washer 1966, Stavroudis 1967.
2Welford 1974, Chapter 4.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 7.1: Rays Intersecting a Sphere. Ray A intercepts the surface in two places corresponding to the
two roots of the quadratic equation. Ray /3 is tangent; the two roots are equal. Ray C misses the sphere
and the solution is complex.

the caustic surfaces associated with some fixed object point and generated by the lens. These
equations are singularly useful in dealing with systems that lack rotational symmetry.

7.1 The Transfer Equations

Lets begin with a ray that passes through some point R with its direction given by the reduced
cosine vector S = (u, v, w), where S2 = n?, as noted in Chapter 4. The point Ry may be
where the ray intersects a preceding surface in this ray trace or is perhaps an object point. Let
the next succeeding surface in an optical system be given by the equation

F(z, y, z) = F(R) =0. (7.1)
Any point R on the ray is given by the expression
Ry =R+ (\/n)S, (7.2)

where n is the refractive index of the medium and where ) is the distance along the ray from R.

In practice, the transfer operation is accompanied by a shift of the coordinate axes to the
new surface; e.g., for a rotationally symmetric system Ry = R — tZ + A S, where Z is the
unit vector along the axis of rotation and ¢ is the distance to the next surface along this axis.
By substituting R, given in Eq. 7.2 into the equation for the surface in Eq. 7.1 we obtain an
equation for A

FRy) =FR+ (A/n)S) =0, (7.3)

whose solution gives values of A which, when substituted back into Eq. 7.2, yield points of
incidence. Figure 7.1 is an attempt to show this.

When we say a point of incidence we imply that there may be more than one; indeed, the
existence of multiple points of intersection of the ray with a refracting or reflecting surface is
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Figure 7.2: The Local Coordinate System. The origin is placed at the vertex of the rotationally symmetric
refracting surface — the point where the lens axis intersects the surface.

one of the annoying difficulties in developing formulas for the transfer operation, particularly
for systems that lack rotational symmetry. The commonest refracting surface is the sphere, a
quadratic surface where the function F is a polynomial of the second degree. The equation
corresponding to Eq. 7.3 will have two roots that identify the two points of intersection of a
straight line with that sphere. If these roots are equal then the ray is tangent to the refracting
sphere; if they are complex then the ray has no real point of intersection and misses the surface.
What is said here applies to any quadratic surface and therefore includes conic surfaces such
as prolate spheroids, oblate spheroids, paraboloids and hyperboloids of one and two sheets.

In rotationally symmetric systems, the local coordinate origin is taken to be at the inter-
section of the system’s axis of symmetry with the refracting conic surface, usually referred to
as the vertex, and is shown in Fig. 7.2. The point of incidence is that branch of the quadratic
solution nearest the origin. This way of avoiding decision making fails for systems that are off
axis or not rotationally symmetric, especially when the details of the ray tracing calculations are
obscured by the arcana of a computer program. This problem will be discussed in Chapter 11
that deals with the modern schiefspiegler, a wildly off-axis reflecting optical system.

The transfer operation does more than find the points of incidence but includes the calcu-
lation of other quantities as well. The most important of these is the unit normal vector of the
refracting surface at the point of incidence that we encountered in Chapter 4

(4.98) NV
(VF)?

For generalized ray tracing, the principal directions and the principal curvatures of the wavefront
at the point of intersection of ray and wavefront will also be required.
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7.2 The Ancillary Quantities

The details of calculating N come next. The equation in Eq. 7.1 defines z as an implicit
function of x and y so that its partial derivatives become

oF oros _,  oF oo oo
or 0z 0x oy 0z0y '

The gradient then becomes

OF OF 8.7—')__8,7—' (&z 0z )

oz’ dy’ Oz 0z \ox” 9y’

o (7.5)

vr - (

We will also need to calculate the surface parameters of the refracting surface at the point of
incidence, the principal directions and curvatures, that are required for generalized ray tracing.

In Chapter 4 we saw that a surface can be represented as a vector function of two parameters
and that those two parameters can be the x and y coordinates of a point on a plane. Then the
vector function can be written as

(4.90) R(z,y) = (z,y, 2(z, y)),

so that the partial derivatives are

(4.91) R, =(1,0,z;) R, = (0,1, z),
from which we can calculate the unit normal vector

(Zl‘v 2y, _1)

1/1+zﬂ%+z§

and the first fundamental quantities from Eq. 4.4

(4.93) N=-—

E=1+22, F=z.2, G=1+z. (7.6)

Also using Eq. 4.11 we can calculate the second fundamental quantities

L— 2= M= Zry N = SR (1.7)
,/1—}—2%—&—25 ,/l—i—z%—i—zg 1/1—i—z§—i—z§

From Egs. 7.6 and 7.7, using Eqgs. 4.18, 4.19, 4.21 and 4.25, the principal directions and
principal curvatures of the refracting surfaces at the point of incidence can be calculated.
These quantities will be needed when we come to generalized ray tracing later in this chapter.

7.3 The Refraction Equations

In Chapter 3 we derived the two versions of Snell’s law, the vector form

(3.51) S1xN = SxN,
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and the scalar form
(3.49) nysinr = nsint,

where ¢ stands for the angle of incidence, the angle between the surface normal and the incident
ray, and r, the angle of refraction, the angle between the surface normal and the refracted ray,
as discussed in Chapter 4.

The two reduced ray vectors are S for the incident ray and S; for the refracted ray so that
ncost = S-N and nj cosr = S; - N where N is the unit vector normal to the refracting
surface at the point of incidence as in Eq. 4.93.

Now we rearrange the vector form of Snell’s law, Eq. 3.51, as follows:

(S1 —S)x N =0, (7.8)

which shows that the vector S; — S must be parallel to N. Then there must exist some quantity
~ so that S; — S = 7N whence comes

S; =S +9N, (7.9)

the refraction equation. By taking the scalar product of this with N we get

¥y=81-N—-S-N =mnjcosr —ncosi. (7.10)

The formula for reflection is highly artificial. In the usual convention one sets n; = —n

(n = 11in air) in Egs. 7.9 and 7.10. Since sinr = — sin¢ it must be that cos r = cos so that,
¥ = —2 cost and,

S; =—-S+2cosiN. (7.11)

So with the two equations, Egs. 7.9 and 7.10, we are able to find the refracted ray vector
S; when the incident ray vector S, the surface normal N and refractive indices n and n; are
known. Equation 3.49, the scalar version of Snell’s law, is used to find sin 7 from sin ¢ and the
two refractive indices.

From Eq. 7.9 it is clear that S; is a linear combination of N and S. The three vectors are
then coplanar; the plane so determined is called the plane of incidence.

This completes this section on ordinary ray tracing. With the formulas derived here one
can trace a system of rays through an optical system to some plane in image space where
the ray intercepts can be plotted. The result is a spot diagram® (once called a focal plot in
the ancient literature) that can illustrate quite graphically the distribution of the light on some
plane in image space. With ray tracing, graphs can be plotted of the point coordinates in image
space versus coordinates on an entrance pupil to reveal details of the aberrations associated
with a particular object point. When image point coordinates are plotted versus object point
coordinates the data will show distortion and image curvature.* These are details that we will
not delve into here.

3Stavroudis and Sutton 1965.
4Stavroudis, 1972a, Chapter XII.
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One needs to add to all this that the spot diagram is the geometric analog of the star
image test in which collimated light is made to enter the lens under test. The quality of the
image formed and the distribution of the light in that image provides measures of the lenses
performance. Because of this, the spot diagram is able to indicate how a lens will behave
before its fabrication.’

But there is a limitation. We speak of geometric aberrations. When these are large they
dominate image formation. But if they are sufficiently small, diffraction effects dominate and
geometry has little or no influence of the formation of an image. Such a situation is commonly
referred to as being diffraction limited.®

7.4 Rotational Symmetry

By far most optical systems are rotationally symmetric; each surface in such a system must
itself be rotationally symmetric and then all of the lines of symmetry of the component surfaces
must coincide, thus forming an axis of symmetry for the entire system.

As a matter of convenience we will use a coordinate system in which the z-axis is placed on
the axis of symmetry and a local coordinate origin is located where this axis and the refracting
surface intersect. This point is usually referred to as the vertex.

In a rotationally symmetric system the axis of symmetry and an object point determine
a plane, the meridional plane. Rays on this plane are called meridional rays; rays that are
not meridional rays are called skew rays, thus distinguishing two disjoint classes of rays.
Meridional rays remain meridional rays as they progress through a rotationally symmetric
optical system; skew rays can never become meridional rays. Of course, this distinction
doesn’t apply to off-axis systems.

In rotationally symmetric systems diapoints’ can be calculated using the ray tracing equa-
tions; these are the points of intersection of skew rays on a meridional plane and are useful
in visualizing the geometric aberrations of a lens. Diapoints and their uses will be discussed
further in Chapter 8, Aberrations in Finite Terms.

One additional point. If an optical system is rotationally symmetric then there is a quantity
called skewness that is an invariant under both refraction and transfer. If the axis of symmetry
is the z-axis, if P = (x, y, z) is any point on a skew ray with a direction cosine vector is
S = (&, n, ¢) then skewness is given by®

K=n(xn—y)=nZ- - (P x8S). (7.12)

The skewness K is a measure of the angle a skew ray makes with the meridional plane; it
vanishes for meridional rays. That it is indeed invariant can be verified from Eqgs. 7.2 and 7.9.

SStavroudis 1972a, pp. 228 et seq.
%Born and Wolf 1998, Chapter XII.
"Herzberger 1958, Chapter 7.
8Stavroudis 1972a, pp. 208-209.
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7.5 The Paraxial Approximation

In rotationally symmetric systems it is common to construct linear approximations of the ray
tracing equation in which all points are assumed to lie arbitrarily near the axis of symmetry.
All quantities of quadratic degree and higher are small and are assumed to be zero. This
neighborhood of the axis is referred to as the paraxial region; the resulting approximations
are called the paraxial ray tracing equations. Ray traced with these approximate formulas are
called paraxial rays even if their coordinates lie far outside the paraxial region.’

In what follows each surface is rotationally symmetric and is expressed in terms of a
coordinate system whose origin is at its vertex, the point where the surface and its axis intersect.
A power series expansion for z defines the surface,

oo
2= an(@®+y?)"
n=0
so that its two first partial derivatives are

oo
Zy = 2012 + 27 Z nan(m2 + y2)"*1

n=2

zy =201y + 2y Z nan(x* +y*)" L.

n=2
Now referring to Eq. 4.93, in the paraxial approximation, ignoring all terms of degree greater
than one the unit normal vector to the refracting surface becomes

N = (z, y, 1). (7.13)

The sine and cosine functions can also be represented as power series;

. - - (71)”‘ 2n+1 . G (71)”‘ 2n
smu—qu;mu cosu—1+nX::1 (2n)!u

so that, in the paraxial approximation, sinu = u and cosu = 1. The paraxial approximation
of the scalar form of Snell’s law, Eq. 3.49, becomes

nii; = ni, (7.14)

Where 7 and ¢; are the paraxial angles of incidence and refraction. The refraction equation,
Egs. 7.9 and 7.10 degenerates to

niu; = nu + ch(ng —n), (7.15)

where c is the curvature of the refracting sphere and £ is the height of the paraxial ray on the
reflecting sphere. I won’t attempt to explain how the paraxial approximation of a sphere is a
plane and at the same time have a curvature.

9Stavroudis 2001, pp. 22-28.
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The transfer equation, Eq. 7.2 becomes
hy=h+tu (7.16)

where ¢ is the distance along the axis of symmetry between the two surfaces, h is the paraxial
ray hight on the initial surface and h; is its counterpart on the second surface.

The skewness invariant, given in Eq. 7.12 is a quadratic quantity and therefore vanishes
under the paraxial approximation. This implies that paraxial rays cannot be skew rays; that all
paraxial rays throughout an optical system must lie on a meridional plane.

The Lagrange invariant £'° is defined by

L =n(yu —gu) = n1 (18 — Fyu1) (7.17)

where y, u and J, u are two paraxial rays. If £ # 0 the two rays are said to be independent.

If we think of paraxial rays as vectors on the meridian plane, since this plane is two-
dimensional, then all paraxial rays can be written as a linear combination of only two vectors
that can serve as a basis for a vector space consisting of the totality of the paraxial rays. The
two base vectors must be independent; this is assured by the non vanishing of the Lagrangian
invariant.

Suppose the two basis rays are h, for height, and u, for slope and h and ; if the Lagrange
invariant, does not vanish then these two rays are independent and can act as basis elements.
The choice of these rays is entirely arbitrary; any pair of paraxial rays for which £ # 0 will
do.

It is convenient to choose these basis rays to be the paraxial marginal ray, that ray that just
clears the edges of all elements in an optical system, and the paraxial chief ray, the ray that
passes through the center of the dominant aperture.'!

These rays are fundamental to the calculation of the Seidel and higher order aberrations of
a lens. This will not be discussed here.

7.6 Generalized Ray Tracing — Transfer

Generalized Ray Tracing'? (generalized Coddington Equations might be a more accurate term)
is the subject of these next sections. We are already accustomed to using the vector function
of three components W (v, w, s) to represent a wavefront train as well as the use of N as
the unit normal vector. To simplify our calculations assume that the parametric curves of the
wavefronts are in the principle directions. In Chapter 4, using Eqs. 4.67 through 4.70, we
saw that we could always make such a transformation of parameters. Take two positions of a
wavefront corresponding to s and s + A. Then

W(v, w, s+ ) =W(v, w, s)+ AN(v, w, s),
or, to simplify matters

W* =W + AN.

10Stayroudis 1972a, pp. 209-210.
'Welford 1974, pp. 22-25.
12Stavroudis and Sutton, 1965.
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Taking derivatives we get

W) =W, + AN, = [1 - A (L/E)|W,
{ v [ (L/E)] 7.18)

W) =W, + AN, =[1-\(N/G|W,
where we have used the Weingarten equations from Eq. 4.35. Here F' = 0 and M = 0 because

of our assumption that the lines of curvature were in the principal directions. These lead to the
first fundamental quantities

E*=[1-XL/E))*E G =[1-X(N/G)]?G, (7.19)
and to the second fundamental quantities
L*=[1-X(L/E)L N*=[1-X(N/G)N, (7.20)

obtained by again using the Weingarten equations. Next we use Eqs. 4.37 and 4.40 to calculate
the principal curvatures
IR 1 1 N 1
S ===— S = =— (7.21)
py  E Po — A G Pw — A
This tells us that the wavefront principal centers of curvature do not change as the wavefront
progresses. We also can show that the principal directions do not change on transfer.

7.7 Generalized Ray Tracing — Preliminary Calculations

Recall that the plane of incidence is determined by the surface normal, IN, and the incident ray
vector S and that as a consequence of Snell’s law, Eq. 3.49, the refracted ray vector S; also
lies on this plane. We define the unit vector P to be perpendicular to the plane of incidence
and use the ratio of the two expressions in Egs. 3.49 and 3.51 to obtain
SixN SxN
p="1 = (7.22)

nsinr N1 8in g

To show that these vectors are indeed equal both the vector form and the scalar form of Snell’s
law are used.

Next we define the vector Q for the incident wavefront, Q for the refracting surface, and
Q; for the refracted wavefront as follows

Q=(SxP)/n, Q=NxP, Q1 = (S1 x P)/ny, (7.23)
which leads to the following vector relationships

P=(QxS)/n, P=QxN, P=(QxSi)/n,

B (7.24)
S =n(PxQ), N=PxQ, S1=n1(P x Q).
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It follows from the definition of the Q vectors in Eq. 7.23 and the refraction equation in
Eq. 7.9 that

n1Q1 =nQ +1Q, (7.25)

where « is defined in Eq. 7.10. As a result of the transfer operations we have the point of
incidence P, the two principal curvatures of the wavefront at P, 1/p¢ and 1/p,, and one of
the principal directions which we refer to as T.

On the refracting surface at the point of incidence R, we do the same calculations and get
the unit normal vector N, the two principal curvatures 1/p, and 1/p, , and one of the principal
directions T.

For the incident wavefront we find the angle between the wavefront principal direction
and P

cos =T -P. (7.26)

Using Eq. 4.66 derived in Chapter 4 we find the curvatures of the geodesics tangent to P and
Q and the torsion 1/0

. cos’f  sin?6
= +

Pp p pn
, _ sin"0 n cos? 0
Py Pe o (7.27)

1 1
% = < — ) sin 6 cos 6.
pP¢ Py

‘We make the same calculations for the refracting surface. First the angle between a principal
direction of the refracting surface and P

cosf =T -P, (7.28)

then the curvatures of the geodesics tangent to P and Q and the torsion of the curve 1/

1 cos?2@ sin?0
— = — 4+ —
Pp Pe Pn
. 27 27
1_snif o (7.29)
Pq Pe Pr
1
o

1 1 - =
= < - ) sin 6 cos 6,
Pe  Pn

exactly as was done in Eq. 4.66.
Recall the Frenet-Serret equations and the relations between t, n and b from Chapter 2

(2.10) t = nxb, n = bxt, b = txn,
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and
1
t- V)it = -n
(t-V) P
(2.20) @~Vﬁr:—1t + 1
P T
(t-V)b= —ln
T

where we have used directional derivatives.
For the geodesic curve tangent to P we make the following identifications:

t, =P
n,=S/n (7.30)
b,=t, xn,= (P x8S)/n=-Q

where we have made use of Egs. 7.23 and 7.24.
Applying these relations to the Frenet-Serret equations given in Eq. 2.12, results in

1
t, - V)t, = —
(tp - V)t nppnp
n n
(2.12) (tp - V)n, = ——t, +—by
Pp Tp
1
(tp - V)b, = _nT_pnp
which becomes, using Eq. 7.30
1
P-vV)P = —S
npp
n n
P-vV)S =——P + —Q (7.31)
Pp Tp
1
—(P-V)Q= ——S
nTp

Now for the geodesic curve tangent to Q we make these identifications again using Eqgs. 7.23
and 7.24

ty =Q
n,—S/n (7.32)
b;=t;,xn,=(Qx8S)/n="P.



108 7 Ray Tracing: Generalized and Otherwise

By making the obvious substitutions from Eq. 7.32, as in the previous case we get

@ V)@=  —s
npq
(Q-V)S = _pﬁqQ T %P (7.33)
Q- vP= —-Llg
an

We know from Eq. 4.41 that the two values of torsion are equal in magnitude and opposite
in sign so that we may define

1 1 1
= =, (7.34)
o Tp g
This results in, for the P geodesic, from Eq. 7.31
1
(P-V)P = —S
npp
P-v)s=-"p +"q (7.35)
Pp o
1
no
and for the QQ geodesic, where we use Eq. 7.33
1
(Q-V)Q= —S
npq
(Q-V)S = ——Q +op (7.36)
Pq o
1
(P-V)P = ——S.
no
Since S and Q, N and Q, S; and Q; are all coplanar, we may also write
S = Ncosi+ Qsini, S; = Ncosr+ Qsinr,
_ _ (7.37)
Q = —Nsin¢ + Qcosi, Q1 = —Nsinr 4+ Qcosr,
from which we can get
Q =Ssini +Qcosi = Sysinr + Q; cosr. (7.38)

Finally we note that, since rays in homogeneous media are always straight lines

(S-V)S = (S;-V)S; =0. (7.39)
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7.8 Generalized Ray Tracing — Refraction

Now we come to the derivation of the equations for generalized ray tracing'>. We take the
derivative of the vector form of Snell’s law, given in Eq. 3.51, in the direction of P and get

[(P-V)Sy] xN+8; x [(P - V)N]

(7.40)
=[P-V)S]xN+Sx[P-V)N],
The process of evaluating this is long and complicated so we must calculate separately the
individual terms of Eq. 7.40 as follows.

[(P . V)Sl] x N = <—n,1P + n}Q1> x N
Py o
niy ni - .
:—p—/(PxN)—&-?(—Nsmz—&—Qcosz) x N (7.41)
P
—-Ug+2p.
Py o

Here and in the following calculations we have used Eqs. 7.23, 7.24, 7.35 and 7.38

[(P-V)S] x N= (—"P + ”Q) % N
Pp o
:—E(PxN)Jrg(—NsinHQcosi) « N (7.42)
P
Pp o

S, x [(P-V)N] =S, x [—;P + ;Q]

1 _ _
z—ﬁ—Sl ><P+@(Ncosr+Qcosr)><Q (7.43)
p ag

ny N1 COST
= —TQI - — P.
Pp

g

D o
:—TSXP+2(NCOSi+Qsini) x Q (7.44)
Pp o
_ —QQ _neosty
Pp o

13Stavroudis 1976.
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Putting these, Eqs. 7.41, 7.42, 7.43 and 7.44, all together yields

— coS
nQ M e P-L(mQ+Q)
pp U U pp
n n.COS 1 1n.COS 1 (7.45)
=—Q+ P - P-—
Pp o Pp

71 COST

Collecting terms in P and Q we get

p nlcc/)sr B nlc_osr _ ncosi n nci)sz} +{n1 _j_n} _0 (7.46)
o G o a Py Pp  Pp

Since P and Q are orthogonal each of the two coefficients must equal zero independently.
This results in

LN = ﬁ + l
Pr Pp  Pp
. nCOSt MN1COST — M COS1T
niy g(/)sr — + - (747)
o o
ncost 7y
= + =
o o

~ Now we take the derivative of the vector form of Snell’s law in Eq. 3.50 in the direction of
Q and get

ni{[(Q-V)Si] x N+ 8, x [(Q- V)NJ}
=n{{(Q-V)S| x N+ 8 x [(Q-V)N]},

As before we calculate the individual terms. Here we use Eq. 7.39 in addition to Eqs. 7.22,
7.23 and 7.36.

(Q-V)S1=[(Sysinr + Qi cosr) - V]S,
=cosT(Q1 - V)Sy

(7.48)

(7.49)
1 1
=ncosr [—/Ql + /P] .
Py o
_ -1 1
(Q-V)Si|x N=mnjcosr |—Q; + —P| xN
o
q
1
—nlcosr{ (— Nsmr—i—Qcosr)xN——Q (7.50)
a
_ . m cos?r m c_os rQ.

Py
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(Q-V)S=[(Ssini + Qcosi)- V]S

=sini(S-V)S + cosi(Q - V)S

1 1
= ncost {Q + P} .
Pq g

[(Q-V)S] x N=ncosi {1(Q x N) + %(P X N)}

Pq

1 — 1—
=ncosi {—(—Nsini—&— Qcosi) x N — Q}
Pq o
_ _ncosQiP _ ncosié-
Pq g

&XWJWNFSNﬂ};Q+}m}
q g

1 1
=——S5; x (Sysinr 4+ Qicosr) + =(S1 x P)
Pq o
N1 COST n
= 1_ P+T1Q1-
Pq o

SxKQWMﬂ:SXPéQ+;Q4

1 1
=——S X (S sini+ Qcosi)+ =(S x P)
Pq J
T.COS &

= P+ Q.
o

Pq
Substituting Eqs. 7.50, 7.52, 7.53 and 7.54 back into Eq. 7.48 yields

2

N1 Cos“r T1COST— M1 COST 1 —
—————P-——Q+——P+-(nQ+Q)
Py o Pq o
NnCcoSt MCOSi— TN COSt n—
= — — Q+ —P+—-Q
Pq o Pq g

Collecting terms in Eq. 7.55, we get

nicos’r nicosr mcos’i  mcosi
P|- +

p:; Pq Pq Pq

— 71 COST 7N .COS %
+Qﬂ—1_ + 24 }za
o o

g

111

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)
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As before we set the coefficients equal to zero and get

nicos’r mncos?i  micosT — ncosi
/ - —
Pq Pq Pq
2 .
ncos? i
_neesct ., v (7.57)
Pq Pq
N1 COST ncost vy
— = + —=.
a o g

Collecting the results of Egs. 7.47 and 7.57 we obtain

2 2

nycos“r  ncosti 7y
/ = +—

Pq Pq Pq

N1 COST 7,COS §
LO8T +2 (7.58)

o o o
n n
— =241
Pp Pp  Pp

The first and third of these are the Coddington equations.

These now provide us with 1/p;, 1/ and 1/p;,.

By inverting the equations in Eq. 7.27 and applying the result to the refracted wave front,
we get

2/’
tan2¢' = — 17 (7.59)
Vp, =1/p;
and

I cos?@  sin?6  sin 20’

Pk P Py o’ (7.60)
1 sin?@  cos?6  sin 26 ’
DV / + / /

Py P Py o

which gives us the two principal curvatures of the refracted wave front at the point where ray
and wavefront intersect.
One of the principal directions, the vector T”, is given by

T =Pcost + Q;sinf'. (7.61)

To conclude and recapitulate, ordinary ray tracing consists of two operations, transfer and
refraction. Generalized ray tracing consists of transfer, extended to include the calculation of
principal radii of curvature, ordinary refraction, a rotation of component vectors and curvatures
to positions normal to and lying in the plane of incidence. This is followed by an application
of the augmented Coddington equations as given in Eq. 7.58 followed by another rotation to
the principal directions as in Eqs. 7.59 and 7.60.
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7.9 The Caustic

We have derived Eqgs. 7.58 through 7.61 that yield formulas for the two principal curvatures
1/ p’g and 1/ p% as well as T', one of the two principal directions; the second comes from the
vector product of T” and S;. These processes can be iterated from surface to surface through
an optical system. Suppose we start at some fixed object point and trace a ray passing through
that point through the optical system to image space. The ray trace will terminate at some
surface, the last refracting surface or the exit pupil. At that point there passes a wavefront
whose principal directions are given by T” and T/ x S; and whose two principal curvatures
are 1/pg and 1/p;,.

The reciprocals of the principal curvatures, p{g- and p;,, are the two principal radii of cur-
vature, the distances to the two principal centers of curvature and therefore are the two points
lying on the caustic surface. The coordinates of the caustic points can be calculated by using
the transfer equation, Eq. 7.2.

One of the definitions of the caustic surface is that it is the locus of the principal centers of
curvature and is therefore a surface of two sheets on each of which lies one of the two principal
centers of curvature.

7.10 The Prolate Spheroid

An excellent example of the use of generalized ray tracing is its application to the reflecting
prolate spheroid whose equations we encountered in Chapter 4. The point of incidence

(4.75) R = o(sin¢sin 0, sin ¢ cos b, cos ¢),

where the radius vector o was derived in Chapter 2 as

r

2.36 =\
( ) ° 1—ecoso

We will also need ¢, the angle opposite ¢

(2.38) sing’ = (1 — €2)sin¢/K2,

' cos ¢’ = [2e — (1 + €%) cos ¢] /K2,
where
(2.39) K% = (14€*)—2¢cos ¢,

as well as ¢’ the distance between the point on the surface and the distal focus

K2 0 K?
24 /: r = .
(240) T N1 —ccosg) 1-e&

There we also obtained the differential element of area

94 sin? 10} K2

2 _ 2
(4.79) D? = EG-F T ccosg ™
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as well as the unit normal vector

1, . . .
(4.81) N = E(smqﬁsm@, sin ¢ cos 0, cos ¢—e),
and the principal directions given as unit vectors

1
T, = —((cos¢p —€)sinb, (cosf — €)cosf, —sinv
s + = 2 ((cosd— s, (cost— )

T_ = (cosf, —sinb, 0).

The principal curvatures are

1 (1 — ecos ¢)?
o =
(4.85) P ¢
r__ 1
p- oK

7.11 Rays in the Spheroid

Now we come to a situation where notational problems arise and confuse. We are used to
dealing with S = (u, v, w) where S? = n?, the square if the refractive index. However
when dealing with reflective systems the incident ray and its reflected counterpart are, save for
sign, equal. In the equation for reflection, Eq. 7.11, the refractive index of the medium cancels
out from the two members of the equation leaving a relation involving only direction cosines.
So, in this section and in other chapters where reflection is dominant we will use the notation
S=(& 1, ()where S2 =¢2 + 2 + (2 =1.

Suppose there is a ray that passes through the proximal focus of a spheroid with the direction
cosine vector S = (&, 7, () so that, from Eq. 4.75

sing= /2 +n2=+/1-¢2,  cos¢=¢,

(7.62)
sinf =&/ 1—¢2, cosf =n/y/1— (2.
The point of incidence will be
where, from Eqs. 2.36 and 2.40, we have
2 2
0 r , K riC (7.64)

T 11—« Q:Q1—62:(1—6C)(1—62)'

Then the unit normal vector, from Eq. 4.81, is,

1
N= E(ga 7, C_ 6)7 (765)
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where, from Eq. 2.39
K?2=1+€—2¢eC. (7.66)

The angle opposite ¢, the angle between a reflected ray and the axis of the spheroid, from
Eq. 2.38, is

sing’ = (1—€?)y/1—(2/K?, .67
cos¢’ = [2e — (1+€*)(] /K3, .
The calculation of the cosine and sine of the angle of incidence is straightforward
1 1—e€C
) — S . N = — . — =
(7.68)
.61 =2
sing = ————,
K
so that, from Eq. 7.11
1—
S, —-S+2 -CN (7.69)
K
from which comes the direction vector of the reflected ray
1
Sl - E ((1 - 62)57 (1 - 62)777 (1 + EQ)C - 26)
) (7.70)

=< [(1—¢e*)S —2¢(1 - e()Z] ,

where Z is the unit vector along the z-axis.
From Eq. 7.22 we can calculate P, the unit vector normal to the plane of incidence

_SxN 1
~ sing 7./1_<2

and from Eq. 7.23 we find Q, the unit vector lying in the plane of incidence, to be

*—1(45, ¢, <2—1>:*71<<S—Z>- (7.72)
V1i-¢ Vi-¢2

Again using Eq. 7.23 we calculate Q the vector that corresponds to Q but is associated
with the reflecting surface rather than with the incident wavefront

Q=SxP=

_ -1
Q=NxP=

*Kgy:f?%ﬂéfd,MC—d,841% (1.73)
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and with this and Eq. 7.25 we can find its counterpart after reflection
1—e( ~

c Q

<§ [C(1+€) — 2¢], (7.74)

Q=-Q+2

1
e
a0+ ) — 2 —(1— )1 - >)

Now return to the reflecting surface, the prolate spheroid. From Eq. 4.84 we get the principal
directions

F.ooL L e O —(1— 2
_ 1 (7.75)
T =——2 y TS 0 )
m(n £ 0)
and from Eq. 4.85, the principal curvatures
1 (1-«)?
P o K? (1.76)
Lt '
P o

The vector T can be in either of the two principal directions. We choose the simplest

T—-T ——— (5,6 0)=P, (1.77)

V1—=¢2
this from Eq. 7.75, so that, from Eq. 7.28
cos=T-P=1. (7.78)

Now almost everything is set up for the application of the equations for generalized ray
tracing. Lacking only are details of the incident wavefront. Suppose that an object point
is located along a chief ray at a distance ¢ in front of the proximal focus of the spheroid as
shown in Fig. 7.3. Then the radius of the spherical wavefront at the point of incidence is o + ¢
where g is from Eq. 7.64. The wavefront is a sphere; all of its points are umbilical and the
principal directions are not defined. Both principal curvatures are equal to each other and to
the reciprocal of the radius of the spherical wavefront at the point of incidence. The vector T
is therefore ambiguous and we can choose it to be anything convenient; we let it equal to P so
that

cosf =1, (7.79)

this from Eq. 7.26. From Egs. 7.78 and 7.79 it follows that § = # = 0. Because of this
o = 1/ = 0 from Egs. 7.27 and 7.29. It is also evident that the equations for rotation are
redundant.
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chief ray

- -,
object t prozimal
point \ focus

Figure 7.3: Spheroid with Proximal and Distal Foci. A ray through the proximal focus.

Now we can invoke the equations for generalized ray tracing found in Eq. 7.58. From this
the second equation of Eq. 7.58 comes

1
o= 0. (7.80)
The remaining two equations of Eq. 7.58 constitute the original Coddington equations. They

are
1 1 2cost
AR
q q q
1 1 9 (7.81)
=t —.
Py Pp  PpCOSE
By making substitutions using Eqs. 7.68, 7.76 and 4.85, we get
1 1 2(1—eC)?
Lo 1, 20-9)
a ! (7.82)
1__1.2 (1—€)?

A
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In Eq. 7.76 we have identified p with p, and p_ with p,.

Now if the incident wavefront is a sphere then p, = p, = p, the sphere’s radius. In that
case p; = p; and the reflected wavefront in the neighborhood of the traced ray has the property
that the two principal curvatures are equal. That is not to say that the reflected wavefront is
a sphere; only that it has an umbilical point at the traced ray. The radius of curvature of the
wavefront at this point, say p’ is then given by this simpler version of Eq. 7.82

2
1__1.20-<«)7 (7.83)
p T K

Suppose the object point is at the proximal focus so that p = p, where pis givenin Eq. 7.64.

Then from the above we get

1 1-eC _(1-eQ)1—-€) 1
FARTS [-K+2(1-€Q)] = —2—— = (7.84)

rkC ra

where ¢’ is also found in Eq. 7.64. The image point is then at the distal focus, just as it should
be.

Now refer to Fig. 7.4 which shows the same ellipse encountered in the earlier illustrations.
Assume that AB and BC are rays incident and reflected with point of incidence B. Suppose
that the object point is at A and that its conjugate is at C. Let A be located a distance d in front
of the proximal focus and let C be at distance d’ in front of the distal focus. In what follows
we adopt the usual optical convention that the curvature of a surface is positive if it is concave
to the right. Thus a converging wavefront has a positive curvature; if it diverges, its curvature
is negative. A wavefront originating at a point A will be spherical and its radius of curvature
at the point of incidence, B will be ¢ + d; its curvature is negative. We know that the reflected
wavefront will have an umbilical point at B and that at that point its radius of curvature will be
o' —d'. Since it is converging the sign of its curvature will be positive. Then Eq. 7.83 becomes

g’+d’__g+d+r K

M2
! L 20-«)7 (7.85)

By taking the difference of Eqs. 7.83 and 7.85 we get the very useful formula

1 1 1 1
S (e 7.86
o+d o (pd ﬂ)’ (7:80)

which reduces to, using Eqs. 7.64 and 7.66

/ d?"/CQ
¢ = (1—e2)[r(1 —e2) —2d(1 — )]’ (7.87)

But what we really want is the reciprocal, the curvature of the wavefront and that is

1: (1-¢€?) 1—62+2(1—6C)2 '

7R | - (7:88)

These expressions will be seen again in Chapter 11 when they will be applied to the Modern
Schiefspiegler.
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N
proximal
.
\ focys

Figure 7.4: A Ray Through Proximal and Distal Foci.

Using generalized ray tracing, starting with a fixed object point, the points on the caustic
can be calculated and plotted just as are spot diagrams. The resulting three dimensional picture
is the aberrated image of the object point. The caustic has an obvious advantage over the spot
diagram in that it is three dimensional and is not dependent on the location of a particular plane
in image space.

A difficulty is that the caustic is a two-sheeted surface making it hard to plot and difficult
to interpret once plotted. A way around this is to plot the two sheets separately. However these
equations by themselves can not indicate which sheet the centers of curvature belong to. In
plotting a sequence of these point pairs and comparing their coordinates with those of the next
preceding pair it is possible to assign these points to the correct surface.

This completes the study of the mathematics of ray tracing and its generalization along
with an example of its application to generalized rays in a prolate spheroid. By changing only
the eccentricity e these results can be extended to all conic surfaces of revolution. The results
obtained here will prove to be useful in subsequent chapters in particular Chapter 11 on the
Modern Schiefspiegler.
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Recall that the eikonal function is a measure of the optical path length between some arbitrary
but fixed object point and a point P in image space. In the notation we use, the coordinates
of the object point are never specified; the arguments of the function are the components of P
in image space. We have already seen that if P is a perfect image of the object point; every
ray that passes through the object point must also passes through P. In that case the eikonal
function is constant.

Solutions of the eikonal equation have been obtained previously in the form of a power
series. Since perfect imagery requires the eikonal to be constant, all coefficients of the power
series, except for the constant term, must be zero. It follows that non zero coefficients of this
power series must be measures of departures from perfect image formation. These coefficients
have come to be identified as aberrations; in the past they have proved to be eminently useful.
Indeed, the third order Seidel aberrations or primary aberrations have been indispensable in
optical design for the better part of a century. In modern optical design these aberration
coefficients have been extended to higher degrees.

But this power series has never been shown to converge nor even to be summable. It may
even be that the series solution is asymptotic; that the series diverges but that a finite number
of terms provide a optimum approximation to real rays as determined by ray tracing. As far as
I know this has never been successfully investigated.

In practice the aberration coefficients are calculated surface by surface in a lens design
with arguments that are not the coordinates of P but are heights and slopes of the marginal
and principal paraxial rays that are traced through the system. So the result of all this is layers
of approximations superimposed on earlier approximations. The miracle is that it not only
works but works exceedingly well. But as methods for designing lenses improve and as lenses
become better and better the assumptions on which these techniques are based become less
valid. The purpose of this chapter is to introduce a novel alternative.

We have already seen that the shape of the caustic surface depends on the k-function
and its first and second partial derivatives. We also know that the caustic can represent the
monochromatic aberrations that we call image errors; spherical aberration, astigmatism and
coma. It follows then that all of these image errors are contained in the k-function. The field
errors, distortion and field curvature, are determined by the location of the caustic in image
space and this also is determined by the k-function. We conclude that all of the monochromatic
aberrations reside in and can be determined by the k-function.

In all our discussions we have excluded color entirely as has been explained in the intro-
ductory chapter. But we do not exclude the possibility that the k-function can be generalized to
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accommodate a dependence on wavelength and, in that case, provide a model for the chromatic
aberrations.

So, we visualize the k-function as a closed form function of the variables v and w that is a
representation of the total aberrations associated with an optical system relative to some fixed
object point. The coefficients of the commonly used infinite series expansion are identified
with various aberrations that had been observed in severely aberrated systems. Hence the title
of this chapter, Aberrations in Finite Terms.

8.1 Herzberger’s Diapoints

In Chapter 7 we mentioned spot diagrams, obtained by intersecting traced rays with a plane
in image space, and how it can be used to interpret the aberrations of an optical system.
Herzberger proposed an alternative approach applicable only to rotationally symmetric optical
systems. The plane determined by an off axis object point and the axis of rotational symmetry
is called the meridional plane. Meridional rays are defined as those rays that lie entirely in
the meridional plane at every medium in an optical system. This can be seen from the ray
tracing equations for transfer (Eqgs. 7.2 and 7.3) and for refraction (7.9 and 7.10). Skew rays
are defined as those rays that are not meridional; rays that leave the object point at an angle
to the meridional plane and pass through the optical system to image space where once again
they intersects the meridional plane. (They may also cross the meridional plane in the interior
of the lens.) The point of intersection of a skew ray with the meridional plane in image space
is Herzberger’s diapoint.!

The totality of rays from a fixed object point that pass through the lens produce a distribution
of diapoints on the meridional plane in image space just as they form a distribution of points in
a spot diagram. Unlike the spot diagram, their distribution does not depend on the position of
an image plane; indeed, diapoints are useful in determining the best location of an image plane.
On the other hand the spot diagram does provide a good approximation to the real image of a
point object.

8.2 Herzberger’s Fundamental Optical Invariant

This is a differential invariant that is valid for all optical systems, including off-axis telescopes
and inhomogeneous media.?> Consider a lens that consists of three surfaces as shown in Fig. 8.1.
The vectors Q, Q1, Q2, Qs,and Q’, all referred to some arbitrary coordinate origin, represent
points on a ray traced through the system. Moreover Qi, Q2, Qs, lie on the three refracting
surfaces; Q and Q' are points in object space and image space, respectively that may or may
not be conjugates. Let n, m1, no, and n’ be the refractive indices of the four media and let
C, Cy, C, and C’ be the appropriate ray direction cosine vectors and let N1, Ny, N3 be the
unit normal vectors to the refracting surfaces at Q1, Q2, Qs, respectively. Now let A, A1, A
and ) be the lengths of the ray segments between the points of incidence. Then, from the

'Herzberger 1946, Herzberger 1954.
2Herzberger 1935, Stavroudis 1972a, Stavroudis 1972b.
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Figure 8.1: Ray Through a Sample System. Shown is a ray — Q, Q1, Q2, Qs, Q' — traced through
this simple optical system. Refractive indices are n, n1, ne, and n’ where these media are separated by
the three surfaces. The lengths of the ray segments are A, A1, A2 and )\’ so that its optical path length is
nA 4+ niAi + na2ds +n'N.

transfer equation from Chapter 7,

(7.2) P =P+)S,
as well as the refraction equation,

(7.9) S1 =S+7N,
the following ray tracing equations hold,

Q:=Q+AC

Q2= Q1 + M Cy, n1C1 =nC + 1Ny
Qs = Q2 + A2Co, n2Ca = n1Cy + 72Ny
Q =Q3;+XNC, n'C' = nyCy + v3N3.

8.1)

Now assume that this ray is a member of a two-parameter family of rays that depends on the
parameters p and g and then take the derivatives of the Q’s with respect to p. The result is,

Qi _9Q  ,0C 0A

ap (9p+)\8p+8pc

aQQ _ 8Q1 aCl %

o Mo T @

0Qsz  0Qs i 9C, N 28 c (8.2)
op — ap  Cap  ap °

o~ o o T ap
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Now scalar multiply the first of these by n C, the second by 11 Cy, the third by n5Cs, and the
fourth by n3C3 and add. Recall that Cf = 1so that 9C;/dp - C; = 0 so we get,

0Q; 0Qs 0Qs3 Q'
nC 6]) +n1Cy ap R +nsCq ap +n3Cs 8]?
0 0 0 0
=nC- 7Q +n;Cq - &3 +noCy - Q- + n3Cs - & (8.3)
op op op op

(32 O\ OAg 03

+n87p+n187p+n287p n387p.
These are rearranged to get,
0 0 0
nC—Q—&- Ql -(nlCl—nC)+ Q2 '(TLQCQ—’I’Llcl)
dp dp dp 8.4)
) oQ oL '
+§)3-(n303—n202)—n3 CgaiQp"‘aip:O

where L is the optical path length, £ = nA + n1 A1 + nods + ngs.

But from Eq. 8.1 n;C; — n;_1C;_1 = ~;IN; so that each term in Eq. 8.4 containing these
quantities is multiplied by 90Q;/0p. This is the derivative of a point on the refracting surface
with respect to the arbitrary parameter and therefore is a vector tangent to the surface. The
scalar product of this with the normal vector IN; is zero so all of the terms in Eq. 8.4 vanish
except for three, resulting in,

Q

2Q QoL _
Jp

With respect to the second parameter ¢ the exact same steps yield a second equation,

0Q 0Q  IL
nC aq ngcg (3'(] 3(] =0. (86)

We assume that second derivatives exist and are continuous so that if we take the derivative
of Eq. 8.5 with respect to p and the derivative of Eq. 8.6 with respect to ¢ and then eliminate
0%L/dudv between them we get,

n' 3Q’.8C'_8Q’.8C' =n 63870_83870 (8.7)
op 8¢ ¢ op) \Op 9qg 0q Op) '
The quantity,
oQ o0C 0Q 9C
n(f?p "dq g 5v) ®8

has not only the same value in object and image space but also in every intermediate space in
the optical system. This is the Fundamental Optical Invariant.
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8.3 The Lens Equation

Now lets let the points Q and Q' lie on planes in object and image space that pass through the
coordinate origin so that z = 2z’ = 0. SetnC =S = (u, v, w), W'C' =8 = (v, v/, W)
making S and S’ reduced direction cosine vectors. We have that Q = (x, y, ,0) and Q' =
(«', 3/, ,0) so that Eq. 8.7 becomes,

/AR /a ! ! A _ _
Tplg + YpUy — Tyl — YgUp = Tplq + YpUq — TqlUp — YqUp- (8.9)

This Herzberger called the direct method.’

The parameters p and q are arbitrary; they may take on any values we choose. We select for
these parameters all possible combinations of the object space variables, x, y, u, v resulting
in a system of six equations,

xuv—f—ywvv—x;u;—ygv;—o 8.10
2 oy —au — oy = (8.10)
yUu T Yy Uy — Ty tly — Yo Uy =
Ty, + Y, — Tyuy, — Yyu, =1
Ty Uy + YUy — Ty, = Yy, =
This can be expressed in Matrix form. Let M be given by,
Ty Ty Ty, T,
/ / / /
Yz Yy Yu Y
M = f j’ f /” (8.11)
Uy, Uy U, Uy,
Uy Uy Vi Vs
and let J be the constant matrix,
0 010
0 001
J— Dool (8.12)
-1
0-100
Then Eq. 8.10 can be written as,
MIMT =7, (8.13)

where MT is the transpose of M. This I have called the lens equation.* 1t is clear that [M] is
the Jacobian of this transformation.

3Herzberger 1943a, Herzberger 1943b.
4Stavroudis 1972a, pp. 245-249.
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We can think of a lens as a device for mapping rays in object space into rays in image space.
Recall that a ray is determined by a point on a reference plane, (x, y, ,0), and a direction,
(u, v, w). We can think of this transformation as the system of equations,

:U/: 1'/(,’E, Y, u, U)
y =y (x, y, u, v)
o' =u'(z, y, u, v) (8.14)
v =0'(z, y, u, v).

Since conjoining two lenses results in yet another lens this system of transforms can be re-
garded as a Lie group’, in which the identity element is simply the lack of a lens and the
inverse transform is obtained by solving the equations in Eq. 8.14 for (x, y, u, v) in terms of
(:1:17 y/’ ul’ U/)'

We can go even further. Equation 8.13 is the defining equation for one of the two classical
matrix groups, the symplectic group (the other being the orthogonal group).5 From Eq. 8.13
we can show that M is a unitary matrix. Note first of all that | J | = 1 so that by taking the
determinant of both members of Eq. 8.13 we get | M |2 = 1. It follows that M is non singular;
inverses always exist.

We remarked earlier that a new lens was obtained where two lenses were conjoined. This is
accomplished by multiplying the corresponding two matrices. This works because the product
of two Jacobian matrices is yet another Jacobian.

Suppose we decompose a lens into its elementary components, a sequence of alternating
operations, refraction and transfer, each capable of being represented by a M matrix so that
the lens could be represented by a matrix product. The idea was to apply this to the design an
analysis of lenses; like all such approaches to optical design it was far to complicated to be
useful.”

8.4 Aberrations in Finite Terms

This work is an extension and a continuation of work first published over twenty years ago.?
It is based on the general solution of the eikonal equation and the k-function, the expression
for the wavefront train defined by that solution

(5.72) W (v, w; s) = ES -K,
where
(5.71) q = (ns—k)—(vk, + wky) = (ns—k)+S-K.

5Stavroudis 1972a, pp. 285-286.
6Stavroudis 1972a, pp. 286-288.
7Stavroudis 1959.

8Stavroudis and Fronczek 1978a.
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and the caustic surface associated with that train,

(6.21) Culo, w) = 5 5 (HES)SK,

where,

(6.6) H = (12 =0 kyy+(n* —0?) kyp — 20wk,
where T2 is the Hessian determinant,

(6.7) T? = kyokww ki

and where S is the discriminant of a quadratic polynomial,
(6.15) S§? = H?>—4n*u*T?.

The parameter s in Eq. 5.71 is a distance measured from some fixed but arbitrary starting point.

We choose this starting point to be one particular wave front in the train, which I've called
the archetype; with its optical path length from the ultimate object point equal to zero. This is
of little importance in this chapter but will be useful in Chapter 9 which involves the refraction
of the k-function. We are concerned with the structure of the caustic surface in which resides
all of the properties, the aberrations if you will, of the wavefront train. These are uniquely and
completely determined by the k-function.

The sign ambiguity, as we have already seen, shows that the caustic is a two sheeted surface.
Equation 5.71 shows that there is a plane of symmetry. In what follows we will assume that
we are dealing with an optical system possessing rotational symmetry and that the plane of
symmetry is the meridional plane determined by some object point.

Herzberger used the distribution of diapoint to define a hierarchical system of aberrations.’
In general, the diapoints cover a region of the meridional plane. This he called deformation
error. If the diapoints collapse to an arc they form the half-symmetric image. If the arc
degenerates to a straight line the image is symmetric. Finally, if the straight line degenerates
to a single point the image is sharp.

8.5 Half-Symmetric, Symmetric and Sharp Images

Now recall the vector K = (0, k,, k) a vector function of v and w that lies on the meridianal
plane. Every ray in the system defined by Eq. 5.72 is associated with a particular pair of values,
v and w, that define a value of the vector K that, in turn, defines a point on the meridional
plane. Therefore K defines the aggregate of diapoints associated with the system.

With no restrictions on K (v, w) itrepresents deformation error. We will impose restrictions
on C, given in Eq. 6.21, and observe their effect on K.

We first set 72, defined in Eq. 6.7, equal to zero; T? is the Hessian determinant of the
k-function. It can also be regarded as a Jacobian determinant of the two functions k,, and k,,
and its vanishing implies that a functional relation exists between them, say,

kuw = f(ky). (8.15)

9Herzberger 1950.
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Then,
kvw = f/ kvv
k’ww = f/2 kmn (816)
so that, from Eq. 6.6,
H = ky[(n* —0?) = 2vwf’ + (n* —w?) f?], (8.17)
and, from Eq. 6.21,
(8.18)
C_=-K.

In this case the negative branch of the caustic surface, C_, degenerates into an arc on the
meridional plane and is therefore the half-symmetric image.

Now consider Eq. 8.16 as a non linear first order partial differential equation. With the
method of Lagrange and Charpit that we derived in Chapter 5, we can get a complete integral
and a general solution. First from Eq. 8.16 we define,

F = f(ky) —kw=f(p) —q=0, (8.19)
that leads us to,
Fo=Fuw=Fr=0, ]-"p:f', Fq=—1.

As before we introduce the symbols p and ¢ to represent the two partial derivatives. When this
is plugged into the characteristic equations Eq. 5.29 we get

dp dg  —dv  —dw  —dk

0 0 =1 pfl—q

The simplest of these and the one we choose to work with is dp = 0 which leads us to the
characteristic p = «. This leads us to ¢ = f(«), from Eq. 8.19, which we use in the total
differential equation,

dk = adv + f(a)dw, (8.20)
which after integration yields the complete integral,

k(v, w) = av + f(a)w + (), (8.21)
where o = a(v, w). By appending to this the side condition,

v+ f(a)w + F'(a) =0, (8.22)

we get the general solution. It follows that &k, = « and k,, = f(«), just as it should be.



8.5 Half-Symmetric, Symmetric and Sharp Images 129

From this we can see that K = (07 a, f (a)) is the degenerate caustic and at the same time
the half-symmetric image. We take « to be the its parameter each value of which determines
one point on the half-symmetric image; at the same time each value of « determines a one-
parameter family of rays that pass through that point.

The unit tangent vector to the half symmetric is obtained by differentiating K with respect
to a. This we normalize to get the unit tangent vector

(01 @)
T(a) = Ny

When « is held fixed K is a point on the arc and T is its unit tangent vector at that point.
Consider the totality of rays through that point; that is to say, for all those values of v and w for
which a(v, w) = constant. The reduced direction cosine vector of these rays is, of course
S. The cosine of the angle, ¢ between one of these rays and the unit tangent vector T of the
degenerate caustic is given by,

(8.23)

R S i ) K o
cosqﬁ—n(S T) = WS = ESCh (8.24)

from Eq. 8.23. But 4’ and f’ are both functions of o which is fixed. Therefore, cos ¢ is
constant for all rays that pass through a single point on the half-symmetric image; they must
then make the same angle with its tangent and form a cone whose vertex is at that point. This
is Herzberger’s theorem.'?

If f and 3 are linear in « then the arc in Eq. 8.22 becomes a straight line and the image is
symmetric. If « is constant the image is sharp; the rays defined by o (v, w) = constant all
must pass through the sharp image.

Now lets take a closer look at the sharp image. Refer now to Eq. 8.22 and note that,
k = vk, + wk,, + 8. When we substitute this into Eq. 5.72, we get ¢ = ns — (8 and

W(v, w) = %(ns - B)S = (0, o, F(w)), (8.25)

a train of concentric spherical wavefronts centered on the sharp image, exactly as it should.
The sharp image occurs when s = 3/n. This established a connection between Herzberger’s
system of hierarchial aberrations and the k-function.

10Herzberger 1943b.
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In Chapter 5 we derived a general solution of the eikonal equation, in vector form that repre-
sents a wavefront train in a homogeneous, isotropic medium. This general solution is almost
universal; almost in that it cannot represent a train of plane wavefronts. In that case we must
uses the intermediate solution, the complete integral as did Luneburg.! An immediate conse-
quence of this solution is the vector equation for the caustic surface associated with this train
of wavefronts.

These expressions for wavefront and caustic depend in a natural way on two independent
parameters, v and w, two of the three reduced ray direction cosines of the orthotomic system
of rays associated with the wavefront train; the third is v = v/n2 — v2 — w?2. Another param-
eter is s, the geometric distance of a wavefront from some arbitrary but fixed starting point.
Throughout all of this work this starting point is assumed to be the archetypical wavefront,
defined as that unique wave front in the train whose optical path length from the ultimate object
point is zero. More will be said on this subject subsequently.

The immediate problem is to determine the effect a spherical refracting surface has on the
k-function. In this chapter we will find the k-function, both for a plane wavefront train that
is refracted by a spherical refracting surface and a train of spherical wavefronts refracted by
a refracting plane. Then we will deal with more general problem, the refraction of a train of
spherical wavefronts, originating at a finite object point, by a sphere.

An important thing to keep in mind is that the caustic surface, its shape and its location,
tells us everything about the geometric aberrations associated with an optical system relative to
some fixed object point. Indeed, in Chapter 8 we have shown that components of the expression
for the caustic can be identified with Herzberger’s diapoints.?

We now return to the general solution of the eikonal equation and the expression for the
wavefront train in a homogeneous, isotropic medium

(5.72) W, w, s) = ES -K,
where
ok Ok
(5.71) q=ns—k+ (vav + w8w> =ns—k+S-K.

IStavroudis 1972a, Chapter VIIIL
2Herzberger 1958, Chapters VII and XX VII.
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Figure 9.1: Refraction of Wavefronts. Refracting surface: ¥. Object point: O. Point of Incidence: Z.
Point on ray after refraction: P.

These vectors are

S = (u, v, w), S2 =n?
(5.70)
ov’ Jw

Recall that S is the reduced ray direction vector and that n is the refractive index of the medium.
The caustic is the locus of the two principal centers of curvature of any wavefront in the
train and is given by,

(6.21) Ca(v, w) = #(HiS)S—K,
where,
0%k 0’k 0’k
(2, 2nOR a9 OTR
(6.6) H=(n"—v )aUQJr(n w )an VW
9%k ok> ([ 9k> \*
2 —_— e ——— [
(67) = Ov? Ow? <8v8w> ’
and
(6.15) S = H? — 4n2a2T2.

The sign ambiguity in Eq. 6.21 indicates that the caustic is indeed a two sheeted surface.

Consider an optical system that consists of a sequence of spherical refracting surfaces,
with centers on a common axis, that separate media of constant refractive index. Choose some
arbitrary but fixed point in object space. It is the center of a train of concentric spherical
wavefronts incident on the first refracting sphere. Its own k-function is determined by the
location of this object point. Indeed the object point itself can be regarded either as the
degenerate caustic for this incident wavefront train or as the degenerate ‘first’ wavefront in the
train, a sphere of radius zero.

This train of spherical waves is incident on the refracting surface X and, after refraction,
gives rise to a wavefront train whose properties are completely determined by its k-function.
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Let the object point be O and let Z be the point of incidence on X and let O Z be a ray as shown
in Fig. 9.1. Let the geometric distance between O and Z be s. Then ns is the optical path
length to Z where n is the refractive index of the first medium. The ray is refracted at Z as it
enters the second medium where the refractive index is n;. Take any point P on this refracted
ray and let s; be the geometric distance from Z to P. Then the optical path length along this
refracted ray must be n; s; where n; is the refractive index of the second medium. It follows
that the total optical path length from object point O to P is n.s + n1 s1.

Earlier we defined the archetype wavefront as that unique wavefront in image space whose
optical path measured from the object point is zero.® Its location is therefore the geometric
distance,

s1 = —sn/nq, 9.1)

from the refracting surface. Since s; is negative the archetype is to the left of the refracting
sphere and is therefore virtual.

This wavefront train is then incident on the second spherical refracting surface giving rise
to yet another refracted train in the next succeeding medium. This process is repeated until the
image space is reached after the final refracting surface.

Now refer back to the expression for the general wavefront in Eq. 5.72 in which the param-
eter s appears. In each medium of the optical system this parameter will be measured from the
archetype* in that medium. All conjugate wavefronts have the same optical path length, n s,
measured from the appropriate archetype which leads us to,

NS =MN181 = NSy = ... . 9.2)

9.1 Refraction

In what follows we will be concerned with refraction at a single spherical refracting surface.’> To
keep things simple the incident wavefront and its parameters will lack subscripts; the refracted
wavefront and its parameters will be signaled by the subscript (;). In what follows r is the
radius of the refracting sphere; the coordinate origin is taken at its center. We will write the
refracted wavefront train as Wy (vy, wy, $1) in the manner of Eq. 5.72 and ¢;, S; and K;
defined as in Eqgs. 5.70 and 5.71.

It is obvious that any point lying on a refracting surface is its own image; every ray incident
at such a point must, after refraction, also pass through that point. It is clear that the optical
path difference between that point and its image must be zero.

A wave front will intersect a refracting sphere in an arc. Choose any point on that curve;
there the ray is normal to the wave front and is refracted by the sphere. Through that same
point, the refracted ray is normal to the refracted wave front.

The optical path distance from any point on the archetype, along a ray, to its point of
intersection with a wave front, is constant. Refer now to the point on this refracting surface,
through which two wave fronts pass, one before refraction and one after. The optical path

3Stavroudis and Fronczek 1976.
4Stavroudis 1995a.
5Stavroudis 1995b.
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difference between this point before refraction and its image after refraction was shown to be
zero. It follows that the optical path distance from any point on the incident wavefront, along
an incident ray and its refracted counterpart, to the refracted wave front, must also equal zero.
We have shown that any two wave fronts that pass through a point on a refracting surface must
be conjugates and therefore, from Eq. 9.1, s; = —sn/ny. This result we will use later

Now refer back to Chapter 7, on ray tracing. Recall

(7.9) S; = S+N,
and
(7.10) v=381-N-S-N = n; cosr—ncost,

where i is the angle of incidence and where r is the angle of refraction. The two vectors, S
and S; are referred to as reduced direction vectors. By writing Eq. 7.9 as YN = S; — S and
squaring both sides we get

72 =(S1 —8)? =n? +n? - 2aq, (9.3)
where

a=9S;-S =uwuu; +vv; +ww;. 9.4)

9.2 The Refracting Surface

Our goal is to obtain k; (v1, wy) from k(v, w) when the latter is known.® To do so we need
two vector functions to represent the refracting sphere, one in terms of v and w associated with
the incident wavefront train, the other in terms of v; and w; the parameters for the refracted
wavefronts. The first of these involves k(v, w) and its derivatives; the second, k1 (vy, wy).
Since both are representations of the same surface we are able to equate the two and obtain the
required relationships.

The equation of a sphere centered at the coordinate origin is,

F=P>—r?=0. 9.5)
Its gradient is normal to the surface so that the unit normal vector N is then,

N YF 1, (9.6)

NAZ e

We next substitute the expression for the incident wavefront train, Eq. 5.74, into the equation
for the sphere, Eq. 9.5 and get a quadratic equation in g,

q® —2aq +n*(b* —r?) =0, 9.7

Stavroudis 1969.
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where
Ok ok
“ "% T Youw ©.8)
. Ok 2 ) ok 2 .
\ v ow/)
The solution of Eq. 9.7 is,
qg=a—A, 9.9
where
A? =a? —n?(b* —r?). (9.10)
In Eq. 9.8 we defined a and b. By comparing Egs. 9.9 and 5.71 we can see that
k—ns=A. 9.11)

We have chosen the negative branch of the quadratic solution to place the point of incidence
nearer to the vertex of the refracting surface. By substituting the value of ¢ from Eq. 9.9 into
Eq. 5.72 we get the equation for the refracting surface in terms of the parameters of the incident
ray,

P(v, w) = %(a - A)S-K. 9.12)

We go through exactly the same steps for the refracted wavefront train to get,
qi — 201q1 + i (b7 — %) =0, (9.13)

an analog of Eq. 9.7, whose solution is (we again choose the negative branch), referring to
Eq. 5.71,

qr =mn151 — k1 +ay =a; — Ay, (9.14)
where,
2
re ovy lawl
2 2
81}1 8’LU1

83 =} — (% — 1)

We also get the analog of Eq. 9.12

1
(a1 — A1)S;1 — K, (9.16)

Pl(’Ul wl) = —5
b TL%
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Figure 9.2: Conjugate Wavefronts. Refracting sphere: ¥. Object point: O. Point of Incidence: Z.
Incident wavefront and refracted wavefront are shown.

as well as of Eq. 9.11
k‘l —Ni181 = Al. (917)

Figure 9.2 shows the refracting sphere X and a ray incident at a point Z where it is refracted.
One member of the wavefront train incident on the refracting sphere will pass through Z; one
member of the refracted wavefront train will also pass through this point so that these two
wavefronts are conjugates and therefore, as we have already seen, n s = ny s;. Applying this
to Egs. 9.11 and 9.17,

ki =k+ A — A (9.18)

Now we find three equations relating the incident k-function with its refracted counterpart.
The unit normal vector to the refracting surface must be the same in terms of both the incident
and refracted parameters so using Eqs. 9.12 and 9.16 we get,

1

2
1r

1 1
N=—(a—A)S—-K=
T

n2r

1
(a1 — A1)Sl — ;Kl (919)

In scalar form this is the three equations,
u Ul

“(a—A =L@ -A

3 (a—A) w2 (a1 — Ay)

v ok v Ok,

n? (a—A)- dv  n? (a1 = 24) vy ©-20)
w ak - w1 ak‘l

2@ g =l A) -0

In the next step we get three more equations relating the two k-functions. Refer back to
Eq. 9.19 to which we apply the vector form of Snell’s law, S x N = S; x N, which leads
directly to,

S><Kle ><I<17 (921)
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which in scalar form is,

Oy | Ok _ Ok ok
w 8’[11 vl 8w1 o wav an
O0k1 Ok
o Ol ok
1811)1 o (9’[0.

These seven equations, Egs. 9.18, 9.20 and 9.22 are precisely the equations that relate the
k-function of the incident wavefront train to that of the refracted wavefront train.

9.3 The Partial Derivatives

By eliminating 0k /Ov and 9k /0w between the three equation of Eq. 9.22 we obtain

Ok Ok
(ugw — uwl)@T}i — (urv — uvl)a—wll =0, (9.23)

which tells us that there must be some factor A such that

(9]431 akl

0, A(urv — uwvy), P, A(ugw — vwy). (9.24)
This in turn leads us to, using Eq. 9.22

ok wu ok w

0 = iA(ulv — uvy), o ;lA(ulw — uwy). (9.25)
Now if we let

A= B/uy (9.26)

these partial derivatives take a more symmetric form

ok B ok B

5 = E(ulv —uvy), 0 Z(ulw — uwy) (9.27)
and

oky B ok B

0w (u1v — uvy), Jor (viw — uwy). (9.28)

From the first equation of Eq. 9.20 we get

a—A_ﬂal—Al (929)

n? u n}
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which, when substituted into the second equation in Eq. 9.20 yields

v&al—Al B al—Al B

i — E(ulv—uvl)Zvl n2 - a(ulv_uvl)
ayp — Al Uy —u
————(u1v — uvy) = B(ujv — uwy) (9.30)
ny U1
al 72A1 :Bu17u7
ny 3t
where Eqgs. 9.24 and 9.25 have been used. From this and Eq. 9.26 it also follows that
— A —
L S_pit 9.31)
n U

The third equation of 9.20 yields identical results. Note that by eliminating B(u; — u) between
Egs. 9.30 and 9.31 we get back the first equation of Eq. 9.20.
Next we apply the results of Eq. 9.31 to Eqgs. 9.8 and 9.10 to get

B
a = E(nzul — au)
v = u—j(nQu% + niu® — 2auuy) (9.32)
A? = B*(a? — n*n?) + r’n?
and from Egs. 9.15 and 9.27 the result is
ay = u—l(aul — nlu)
b? = B—j(nQu% + n2u? — 20uuy) (9.33)
1
A? = B*(a? — n?n?) + r?n?,
where « is defined in Eq. 9.4.
Now go back to Eq. 9.31 and rewrite it as
ul = ua —n?B(u; — u), (9.34)
to which we apply the first equation of Eq. 9.32 to get
A = B(n? — ). (9.35)

Now we square both sides and use the third equation of Eq. 9.32. The result is

A? = B*(a? — n*n?) +r’n? = B%(n® — )% (9.36)
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This we solve for B

which reduces to

B2(n? +n? — 2a) = B?*y? =12,

where we have used ~ defined in Eq. 9.3. Our result is an expression for B

B=r/v,

where we have chosen the positive branch of the square root.

We substitute this value of B into Eq. 9.27

ok r

% = a(UlU_UUJ)
ok r

aiw = a(wlu — U/U1)7

and again into Eq. 9.28

8k1 T

87’1}1 = m(vlu — ’U’LLl)
3l<:1 T

8711)1 = m(wlu — 'lUUl),

as well as Eq. 9.32

a = L(au—nzul)
uy
2 LTI
b* = e (nju” + nui — 2auuy)
A= _—T(nQ—a),
and Eq. 9.33
L.
a; = —(nNju — auy
L (ntu = )
2 2o 2,2
by = W(nlu + nuy — 2auug)
T
A= —(n] —a)
S\
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(9.37)

(9.38)

(9.39)

(9.40)

(9.41)

(9.42)

(9.43)
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In both Eqs. 9.42 and 9.43 square roots were taken to obtain A and A;. The signs were chosen
in such a way as to be consistent with Eq. 9.18 which, after the appropriate substitutions,

becomes
ki=k+A;1—A
_ T2 2
—k+;[(n1—a)+(n —a)]
:k+£(n%+n2—2a)
0

=k+ry.

Again we use the equation for vy in Eq. 9.3.

9.4 The Finite Object Point

(9.44)

As we did in Chapter 6 we choose an object point with the coordinates (0, —h,—(t+ T)) , the
starting point of the wavefront train, so that s = 0 as shown in Fig. 9.3. It can also be thought
of as the caustic associated with this wavefront train. This point can also be thought of as a
degenerate spherical wavefront of radius zero. Now write Eq. 5.69 in scalar form equating the

components equal to the coordinates of the object point. This results in,
= (g/n?)u=0
ok
2
= _ 2 _ _h
y=(a/n")v— o

2= (g/n*yw — 0% = —(t+7).

From the first of these it must be that, from Eq. 5.72, recalling that s = 0

ok ok

and from the second and third equations we can see that,

Ok _p, Ok 4y
v ow "

When this is applied to Eq. 9.46 we get,
k=vh+w(t+r).
We next apply the relations in Eq. 9.47 to Eq. 9.40 and get,
{r(vlu —vuy) =uvyh

r(wiw —wuy) = uy(t + 7).

(9.45)

(9.46)

9.47)

(9.48)

(9.49)
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N———

Figure 9.3: Wavefront Train. A train of spherical wavefronts centered at (O7 —h,—(t+ r))

Now multiply the first of these by ¢ + r and the second by h and subtract. The result is

(1w —uv)(t +r) — (wru — wuy)h = 0, (9.50)
which we solve for u to get
U=u M 9.51)

Yot +r) —wih
This we substitute back into the first equation of Eq. 9.49. The result is, after some reduction
r(vwy — viw) = [v(t + 1) — wh]y,
which we rearrange into
v[rwy —y(t+r)] —w(rvy —yh) = 0. 9.52)

This tells us that there must exist some factor C' so that

v = Clrvy —vh
[ : (9.53)
w= Clrwy —~v(t+7r)].
By substituting this back into Eq. 9.51, the expression for u, we obtain
u = Cru. (9.54)

With these values of the reduced ray direction cosines in object space we can verify that
the equations in Eq. 9.47 are satisfied by using Eq. 9.40 and that from Eq. 9.41 we can get

Ok

87 = CTh

8k1 (9.55)
1 —_

ai’wl = C'r(t + 'I")7

which tells us in no uncertain terms that C' must be found.
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9.5 The Quest for C

First we calculate u? + v? + w? using Egs. 9.53 and 9.54 to get

n? = C?{r’n? — 2ry[hvy + wi(t +7)] + 2 [h* + (t +7)%]}
which we rearrange into a quadratic polynomial in

YECPh2 + (t + 7)) — 29rC?[hvy + wy (t + 1)) + C*r?n? — n? = 0. (9.56)
Next comes « from Eq. 9.4

a=C{rn? —y[vih +wi(t+ )]}, (9.57)
which we plug into the expression for 2 from Eq. 9.3 resulting in

v? =ni+n*—2C{rn —y[vih +wi(t+7)]}
which we rearrange into another quadratic polynomial in

7?2 = 20y[vrh + wi(t +7)] — [0 +n? —2Crn3] = 0. (9.58)

Between these two polynomials we eliminate -y yielding an equation involving C' alone.
To do this we use Sylvester’s dialectic method’ described also in the Appendix. But first
to simplify matters we make the following definitions:

M=vih+wi(t+r)
(9.59)
N =h?+ (t+7)2,
so that the two polynomials, Eqs. 9.56 and 9.58 become
V2C?N — 2yrC?M + C%r?n?2 —n? =0
(9.60)
v? —29yCM — (n? +n? —2Crn?) = 0.

Sylvester’s eliminant between the two equations of Eq. 9.60 is the following determinant
equation

C?N —-2rC*M C?r’n3 —n? 0
1 —2CM —(n?+n?—2Crn?) 0
0 C°N —2rC%*M C?r?n2 —n?
0 1 —2CM —(n? +n? —2Crn?)
C?N —-2rC*M

‘ —2C%rM C?r®n3 —n?

—2CM —(n? +n? —2Crn?)
2
=0. 9.61)

1 —-2CM
C?’N C?r?n2 —n?

1 —(n?+n?—20rn?)
7See, for example, It6 1993, Vol. 1, pp. 369E.
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After a long sequence of calculations this reduces to the sextic polynomial equation
4niNT2a,C® — 4ra;azC° + (4M3ay — a3)C* (9.62)
— 4n%ra;C® + 2n2a3C? —n* =0,

where
a; = M? —n2N
as =N +r?
(9.63)
as=n’N + n%ag
a4 = n%rz + TLZCLQ.
For convenience let,
my = vih +wi(t+7). (9.64)

When this and Eqgs. 9.53, 9.54 and 9.8 are substituted into Eq. 9.48 we find that,

k= (;) (m1 - %b2> , (9.65)

which, when applied to Eq. 9.44, yields,

by — <U) S {7«2 ~ <U) bﬂ , (9.66)
U1 r Uy

Next square each of the equations in Eqgs. 9.53 and 9.54 and add to get,

2 2
n? = (u) [n% — 2m11 + (l) 62} , (9.67)
Uy r T

where we have used u2 + v2 + w? = n2 and u? + v? + w? = n2.
1 1 1 1

Next substitute Eq. 9.54 into Eq. 9.55 we find that,

8k1 u 8/€1 u

—=(—h —=—(t . 9.68

81)1 <U1> ’ 8’(1)1 <U1> ( +T) ( )
By eliminating u/u; from the two equations in Eq. 9.68 we get the rather remarkable result,

Okt Oy =0, (9.69)

t — — h—— =
( +T)61}1 8’11)1

alinear, first order, partial differential equation with constant coefficients. By using the method
of Lagrange we find its general solution to be an arbitrary function of its characteristic mq,
defined in Eq. 9.64. The derivatives of k;(m) are then,

8k1 6k1

S I g
do, kih, By ky(t+r), (9.70)
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where k] denotes the derivative of k; with respect to m;. By comparing the derivatives in
Eq. 9.68 with those in Eq. 9.70 we see that,

Kl =u/u;. (9.71)
When we apply these to Eq. 9.15 we get,

ar = kima, (9.72)
and,

b2 = k2v?. 9.73)

Next refer back to Eq. 9.58 into which we substitute from Eqs. 9.55, 9.64, 9.70 and 9.77,
below, to get the quadratic polynomial equation,

ry? —2mikly —rM = 0. (9.74)

A second quadratic polynomial equation results when the same substitution along with Eqgs. 9.8
and 9.47 is made into Eq. 9.56,

V2 k2y? = 2rma kP + 2 (nik? — n?) =0, (9.75)

Now refer back to Eqs. 9.43 and 9.57 in which we substitute from Eq. 9.73 to get,

2
B = kY = %[ka + (3K — %)k — 1)),
or,
Ey(E 0?y? —1r?) = r2 (3K, — n?) (K] — 1). (9.76)

In exactly the same way Eq. 9.59 becomes,
M =n?+n? — 202k}, 9.77)
and Eq. 9.66 turns into,

r(ky — kimy) = y(r* — K b?). 9.78)

9.6 Developing the Solution

The first step is to eliminate 7 from the various polynomial equations given above using
Eqgs. 9.76 and 9.78 which take the form,

. ma ki —k 2 _ o (nf k) —n?)(k — 1)
s N R ©-79)




9.6 Developing the Solution 145

When we eliminate v between the two equations in Eq. 9.79 we get,
(b2 K —r*) (3 Ky —n?) (k] — 1) =k (m1 k] — k)2 (9.80)
Next substitute the expressions in Eq. 9.79 into the polynomial equation in Eq. 9.76 to get,
22 k] —n?) (k) — 1) — 2mi kP (my k) — k1) — K, (V2K — rP)M = 0; (9.81)

the same substitution into Eq. 9.75 results in,

b ky(ni ki —n®) (K — 1) — 2mak{? (ma k] — kq) ©-82)
+ 0%k} — r?)(nik? —n?) = 0.
Now let,
L=n3ki —n?)(k —1). (9.83)
Then,
dL
J =k = 1)+ ni k] —n® = - M. 0.84)
1

When these are substituted into Eq. 9.81 we get,
r2L = 2my ki (ma ki — ky) + kG (02K = 12)dL/dk| =0,

which turns into,

d [L
T [k,(bzk; - 7"2)] —2my(mi Ky — k1) = 0. (9.85)
1 1

Now note that,

d d
k dk] ~ dm and rm(mlki = k1)? = 2k} (mak] — ky),

so that kY’ is an integrating factor for Eq. 9.85,

d L

Tm k/ (b2]€i — T2) — (m1k'1 — k1)2 = O
1

A quadrature results in,
(VK — ) (n2 K, — n?) (k) — 1) = k| (m1k} — k1)? + A% K, (9.86)

where A is a constant of integration. Here we have used Eq. 9.83.



146 9 Refracting the k-Function

9.7 Conclusions

In this chapter we have attempted to determine the k-function of a refracted wavefront train,
k1(v1,w;) from that of an incident wavefront train, k(v, w). A number of abstract relations
between these two functions have been found but exact relations are not obtainable without
specific knowledge of the incident k-function. We had simplified the calculations by placing
the coordinate origin at the center of the refracting sphere.

The idea of the conjugate wavefronts was also introduced. Its definition is reflective,
symmetric and transitive and so is an equivalence relation® that partitions the wavefront train
in an optical system, that arises from some fixed object point, into disjoint equivalence classes,
each of which containing exactly one member of the wavefront train in each of the media. In
this context the archetypical wavefronts all belong to the same equivalence class.

The ultimate goal of this effort is to develop a system of optical design. The work presented
here and in previous papers is, by no means complete. The obvious next step is to obtain
solutions for k; for specific objects, namely, the finite object point and the object point at
infinity. These refracted wavefront trains will then be incident on the next refracting surface
presenting yet another problem to be solved using the general methods described here.

That only spherical refracting surfaces were considerd may seem to be an unnecessary
restriction, a restriction that excludes much of modern optics. Ultimately we plan to extend
these results to at least conic surfaces as well as to systems that are not rotationally symmetric.

81bid. pp. 530-531.
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About a century ago Hertz solved the Maxwell equations for a train of spherical wavefronts
and in doing so he introduced the concept of the vector and scalar potential functions.! He did
this by first converting the arguments of the Maxwell equations from Cartesian to spherical
coordinates, obtained a wave equation for the potential functions and found a solution that
separates in a natural way into a near field solution that anticipated the dipole oscillator, and a
far field solution that forms the basis of modern antenna theory.

In Chapter 5 we developed a formula for a wavefront train in a homogeneous isotropic
medium as a general solution of the eikonal equation, expressed as a vector function of position.
In Chapter 6 we investigated the geometry of these wavefronts and obtained the equation of
the caustic surface.

To recapitulate: By holding s fixed and allowing v and w to vary we generate a surface
that is one of the wavefronts in the train. The wavefront train is then a one-parameter family
of these surfaces with s as its parameter. On the other hand if we hold v and w fixed, the
expression becomes the equation of a point on the ray, normal to each of the wavefronts in the
train, with s as its variable. From this point of view the totality of rays associated with the
wavefront train is a two-parameter family of rays with v and w as the parameters. In Chapter 3
we have referred to such a system as an orthotomic system or as a normal congruence.

The obvious question is whether Hertz’s method can be repeated for this more general
case. The first step is to define a system of generalized coordinates based on the solution of the
eikonal equation. To do this we assume that through every point (x, y, z) in space (or at least
that part of space that interests us) there passes exactly one wavefront, thus fixing the value of
the parameter s. This assumption may fail in the neighborhood of a caustic raising a problem
that will be discussed later. The location of the point on the wavefront is determined by two
other parameters, v and w. This enables us to treat s, v and w as generalized coordinates of a
point in space subject to certain reservations in the neighborhood of the caustic.

Now we are able to express gradient, divergence and curl in terms of these new coordinates.
The obvious approach is to follow in Hertz’s footsteps, to derive the vector and scalar potential
functions, but this leads us to a second order wave equation which, unlike the one obtained by
Hertz, can best be described as intractable.

A direct approach is more suitable, leading to expressions for E, the electric field vector,
and H, the magnetic field vector. These are manageable and depend on the k-function as well
as an additional arbitrary vector function V that is subject to several conditions, as we will
show.

1Joos 1941, pp. 322ff. Most modern references start with the dipole oscillator and deduce the spherical wavefronts,
such as Marion and Heald 1980, pp. 232-245.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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10.1 The Wavefront

From the general solution of the eikonal equation we obtained the vector function for the
wavefront train

(5.72) W(v, w, 8) = ﬁS—K7
where

S = (u, v, w)
(5.70)

K= (0, ky, kw)a

and where the scalar factor is,
(5.71) q = ns—k+(vk,+wk,) = ns—k+S-K.

For each s, this vector function of two parameters represents a surface in space and is
subject to analysis by the general methods of differential geometry as described in Chapter 5.
This surface is a member of the one-parameter train of wavefronts whose parameter is s.

The derivatives of W are the vectors W,, and W, tangent to the wavefront and W as its
normal so that W, - W, = W, - W = 0; Wy being a unit normal vector of the wave front
and is therefore a ray direction cosine vector. Note also that,

1 1
4. W,=—=—(W,xW,)=-S.
(4.7) o= S (WuxW,,) =
where,
(4.8) D? = (W,xW,)2.

10.2 The Maxwell Equations

We begin with the well-known Maxwell equations for homogeneous, isotropic media,’

caE (10.1)
c Ot

where € and p are constant and are related to the refractive index by n =  /ep.
Since we will be dealing with derivatives with respect to s, the distance parameter, rather
than the time parameter ¢, a change of variables from ¢ to s is needed. This is done with
0 ds 0 0 c 0
— = == == (10.2)
ot dt Js Jds nos
2Stavroudis 1972, Chapters VIII and IX. A general solution using the method of Lagrange and Charpit; a detailed
account can be found in Forsyth 1996, Chapter IX. See also Stavroudis 1995.
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where v is the velocity of light in this medium. The two Maxwell equations that involve the
curl operator are changed into

w OH uw OH
E=-- ————_,/- —/—
VX c Ot \/:85

OE e OE

(10.3)

[0}

10.3 Generalized Coordinates and the Nabla Operator

We have already discussed the generalized coordinates, v, w and s, induced by the solution of
the eikonal equation. The nabla operator can then be expressed in terms of these generalized
coordinates and therefore so can the Maxwell equations.

We now return to the caveat mentioned earlier. In the first place the transformation from
cartesian coordinates to generalized coordinates is not always single valued; through each point
in space there may pass more than one wavefront belonging to the train. As we have already
stated, this is certainly true in the neighborhood of a caustic, a cusp locus of the wavefront
train.> However we are concerned with not only the point in space but also with only one of
the wavefronts that passes through it. This appears to remove the mathematical ambiguity.
Diffractive interference between wavefronts passing through that point is certainly likely but
at this point we can do no more than speculate on its nature.

From here on we will refer to the generalized coordinates v, w, and s. Now assume that
some function f depends on these, so that,

fv:v.f'wva fw:Vf'Wwa fs:vfws (10.4)
Multiply the second of these by W, the first, by W, and subtract to get,
JuWy — fu Wy = (Vf : Ww)wv - (Vf ’ Wv)ww

(10.5)
=Vfx (W, xW,)=DNVVfxWy).

By taking the vector product of this expression with W, and using the third equation in Eq. 10.4
we get,

Vf= %{(Ww X Ws)fv - (Wv X Ws)fw} + W, fs (10.6)

where D is defined in Eq. 4.8.
It can also be shown that divergence and curl in terms of these generalized coordinates are

VoV = D[(Wa < W) - Vo= (W, x W) - V] + WLV (10.7)
and

1
VxV:B[(waWS)xVU—(WU x W) wi} +W, X V,. (10.8)

3Stavroudis et al. 1978.
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We also have the directional derivative

(P-V)A = %[(WS X P)- W, A, — (W, xP)-WUAw} + (W, - P)A,.
(10.9)

A way to decompose a vector in terms of the derivatives of W is

F = % [(Wy x Wo)(F-W,) — (W, x W)(F-W,,)] + W(F-W,). (10.10)
Finally, we can show that,

V-W,=D,/D (10.11)
and from Eq. A.18

V xW;=0. (10.12)

10.4 Application to the Maxwell Equations

We first calculate the divergence of E using Eq. 10.7, which, from Eq. 10.1, must equal zero

1
V-E=5[(Wyx W.)-E, — (W, x W,) - E,] + W, - E, =0, (10.13)

Note that W is in the direction of propagation and therefore must be perpendicular to both E
and Hsothat E- W, = H- W, = 0. Since W is linear in s it follows that W, = 0 and
that,

W, -E, =W, -H; =0. (10.14)
Then Eq. 10.13, after rearranging terms, becomes,
[E, x W, —E,, x W,| - W, =0. (10.15)
From Eq. 10.15, there must exist a vector function V such that,
E, xW, —E, xW, =D(W, x V). (10.16)
Multiplying this by W,, and W, yields the two equations,
E, W, = (W, x V,)- W,
{E ‘W, = —(W, x V,) - W,,. (1017

By using W, - E =0wecanseethat E, - W, = -E-W,;and E,, - W, = —E - W, so
that Eq. 10.17 becomes,

W,
(10.18)
A\

we

E-W,, = (W, x V,)-
E-W,;=(W,xV,)-
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Multiplying the first of these by W, and the second by W5, then subtracting we get,
E X (Wys x Wys)=(WexV,)- W, W, — (W xV,)- W,W,.. (10.19)

Since W, = S/n = (u, v, w)/n, its derivatives are,

W,s = (—v, u, 0)/nu

{st = (—w, 0, u)/nu, (1020
then,

Wy X Wy = S/n’u = W, /nu. (10.21)
With Eq. 10.18 and Eq. 10.21 we get,

Ex W, =Q, (10.22)
where,

Q=nu[(Wsx V) - W, W, — (W, x V) W, W,,]. (10.23)

Recall that W is a unit vector so that W2 = 1. The derivative of W2 must vanish, hence,
W, W,, =W, - W,, =0, (10.24)

From this it is evident that Q - W = 0. From Eq. A.21 it can be seen that QQ can also be
written as a directional derivative

Q=nuD(V,-V)W,. (10.25)

The vector product of Q from Eq. 10.23 with W (recall that E - W, = 0) yields the
expression for E

E=W, x Q. (10.26)
Next we calculate the curl of E, the first equation in Eq. 10.3. From Eq. A.23 we get

1

VXE= 5[(Ww X Ws) X Ev - (Wv X Ws) X Ew] +W9 X Es = \/ﬁHe
€

(10.27)
When expanded this becomes,
~ BBy W)W, — (B, - W, )W,
—(Ey - W)W, + (E, - W,)W,] (10.28)
+W, x E, = —/EH,.
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Since H - W = 0 the scalar product of Eq. 10.28 with W must vanish. As a consequence,

Ev'ww_Ew'WU :Oa
so that Eq. 10.28 becomes,

1
~ 5B WOW, — (B, - WIW,] + W, x B, = - [EH,.
€

First we look at Eq. 10.27 to which we apply Eq. 10.24 to get,
(W xQ)y Wy — (W, X Q) - W, =0,
which expands to,
(Wos X Q+ W, x Q) - Wy, = (W x Q+ W, x Q) - W, =0,
which reorganizes itself into,
(Wos x Wy) - Q = (W, x Wiy,) - Q
— (W x W,) - Q, + (W, x W,)-Q = 0.
The first two terms are,
—(W, xWy,)s - Q=—-(DWy,), - Q=-D;W,-Q=0.
The second two terms are exactly V - Q so that it reduces to,

V-Q=0.

(10.29)

(10.30)

(10.31)

We consider Eq. 10.28 next and make substitutions from Egs. 10.16 and 10.25 to get,

1
5 |:(Ws X Vs) : WUW'w - (Ws X Vs) : Wva

+Ws X (Ws X Qs) = _\/ﬁHsa
€

which reduces to,

—% {(Ws x V) x (W, x Ww)} -Qs = —\/gHs,

that leads to, using Eq. 4.7,

Hsz\/j[qsﬂwsxvs)st},

which, on integration, becomes,

Hz\/j[m(vvswiws} =ﬁ[q+v—<ws~wws .

(10.32)

(10.33)
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A vector constant of integration needs to be introduced at this point. However, since its scalar
product with W, must vanish it can be absorbed into the arbitrary vector function V.

From two of the Maxwell equations we have obtained expressions for the electric field
vector, E, and the magnetic field vector, H, in terms of the variables v, w and s, and an
arbitrary vector function V. We use the remaining two Maxwell equations for find conditions
onV.

But first, an immediate consequence of these results comes from the fact that E - H = 0
which leads to

(W, xV)-Q=0. (10.34)

10.5 Conditionson V

Now we return to the fourth equation of Eq. 10.1 and the first equation of 10.3. For both of
these we first need to calculate the gradient of W - 'V for which we use Eq. A.12 to get
V(W,-V)= (W, -V)V+(V-V)W,
+W, x (VX V)+V x(VxW,) (10.35)
=V, +(V-V)W,; + W, x (V x V),

since the curl of W, vanishes. To complete the calculation we need to use Eq. A.21 to get
1
(V- V)W, = - [(Ws X V) - W, W,, — (W, x V) -Wvas] (10.36)
and Eq. A.23
1
W, x (VX V)= ~W, x {(waws)xvv

D
(W, x W) X Vo + D(W, x Vs)}
1
— W, x {— (Vo - W)Wy — (V- W)W,

+(Vu - W)W, — (V- W, )W, (10.37)

+D(W, - VS}
1

5{(W1u X Ws)(vv . We) - (W'U X Ws)(vw . Ws)

D[W, - VoW, -V, }.
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The insertion of Egs. 10.34 and 10.35 into Eq. 10.33 results in

V(W,- V)=V, + % [(Ww x W) - VW,,

~(Wy X W,) - VW,

+% [(Ww X W) (V- W) — (W, x W) (V- W)

W VW, V. (10.38)
- %[(Ww X W,) - VW, — (W, x W,)-VW,,

Wy x W)(V, - W)VW,,
—(

W, x W) (V- Wy)| + (W, - V)W,
Now refer back to Eq. 10.31 from which we calculate the divergence of H
V-H= \/j[Q+V—V(WS V) - W, — (W,-V)(V-W,)] =0 (10.39)

from the fourth equation of 10.1. From Eq. 10.31 the divergence of Q vanishes so that we may
write

V.V= %WS~ [(Ww X W,) - VW, — (W, x W,) - VW,

(W x W) (V- W) — (W, x W,)(V, - W) (10.40)

Y D(W, - Vo)W, + Dy(W, - V)WS}
which reduces further to

D(V-V)=D(W,-V,)+ Dy (W, V)= [D(Ws -V)} . (10.41)

S

Next refer to the second equation of Eq. 10.3 which relates the curl of H to the derivative
of E. From Eq. 10.26 we can calculate

VxH= \/i[vX (Q+ V)= V(W, V) x W, — (W, V)V st)]
(10.42)
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In Appendix Eq. A.34 it is shown that V x W = 0. We use Eq. 10.36 to calculate

1
—V(W, V) x W, =+ W, x [(Ww X W,) - VW,

—(W, X W) - VW + (W, x W)V, - W)

— (W, x W) (V- W) + (W, .vs)ws} (10.43)
= LW W) VWL X Wa) — (W, x W) VW, X W)

+H(Vy W)W, — (Vo - W)W,

so that

V x H —\/j{VX(Q—l—V)

B[(vv X W) - V(W x Wy)s — (Wy x W) - V(W x W),
(10.44)

Vo WOW, = (Vi WIW, |}

= EE@ = \/?(We X Qs)
[ 1

This reduces to

Q.- W,

YW W)W
Qw ' s)
)W

—( +(Qu-

+( —(Qu - W)W,

+(V (Vi - W)W, + D(W, x V) (10.45)

+(W X W) - V(W x W),
—(Wy X W) - V(W x Wy),s =

S

The scalar product of this with W results in
(Qv . Ww) - (Qw . Wv) + (Vv : Ww) - (Vw . Wv) =0 (1046)
so that Eq. 10.43 becomes

(Q?J N 9) w + (Qw : )W'U + D(Ws X Vs)
+ (W x Wy) - V(W, x W), (10.47)
—(Wy x W) - V(W x W), =0

What we have here are four equations, Eqs. 10.32, 10.39, 10.44 and 10.45 that impose
conditions on the vector function V.
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From this and the fact that W - Q = 0 indicates that Q is perpendicular to both W and
W, x V and then must be parallel to their vector product. Therefore there must exist an «
such that,

Q=a(W, x V) x W, =a[V— (V- W,)W,]. (10.48)

In these calculations we have used Eq. A.6. In what follows we make use of Egs. 10.7 and 10.11.
To Eq. 10.48 we apply Eq. 10.41 to get,

V-Q=Va-:[V— (W, - V)W,
+alV-V - V(W,-V) - W, (W,-V)D,/D

=Va-V— (W, - V)a, +a(V-V) (1049
—a(W, - V)(W, - V) —a(W,-V)D,/D.
Rearranging this yields,
D(V-Q)=DV-aV —[Da(W, V)], =0, (10.50)
so that,
V- (aV)=(1/D)[Da(W,- V). (10.51)

Next we apply Eq. 10.48 to Eq. 10.26 to get an expression for E in terms of V, which
yields,

E=a(W, x V). (10.52)

We do the same thing for H by applying Eq. 10.48 to Eq. 10.33,

H - \/j[Q (W, % V) x W) = \/j(a F)(Wox V) x W, (1053)

from which it is clear that E - H = 0, just as it should be. And the Poynting vector becomes,

P=—C /% (a+1)(VxW,)2W,. (10.54)
T\

The divergence of H, from Eq. 10.1, equals zero. Applying this to Eq. 10.53 yields,

V-H:\/j{waﬂ).[V—(Ws-V)Ws]
+(@+1)[V-V-V(W,-V)- W, - W, . V)(V-W,)|}

= \/E{V (a+1)-V+ (@+1) V-V — (W, - V) (at1), (10.55)

—(oz-l—l)(Ws'Vs)—(04+1)(WS-V)%}=O.



10.5 Conditions on V 157
From this comes,

Vo [(at+1)V]= % D (a+1)(W,-V)].. (10.56)
Subtracting from this Eq. 10.51 yields,

D(V-V)=[D(V Wy, (10.57)
which leads us to,

a=1. (10.58)

Now the expressions for E, H and P become, from Egs. 10.52, 10.53 and 10.54,

E= (W, xV), (10.59)
H= 2\/5(WS x V) x Wy, (10.60)
and,
c [e 9
P=-2—,/—(VxW,)*W,. (10.61)
ar\ u

Finally we come to the second equation in Eq. 10.3, V x H = y/¢/u E,, which becomes,
after applying Eq. 10.5 to H in Eq. 10.44 and using the derivative of E from Eq. 10.45,

2€{V XV =V(V-W,) x W;} =W, x Vg,
which becomes after some calculations and reductions,

VX V+ W, x[(V- V)W, +V, + W, x (VxV)]} =W, xV,.
Continuing further we finally arrive at,

W, XV, +2{W,; x [(V-V)W,]+ W, - (VxV)W,} =0. (10.62)
Taking the scalar product of this with W, we get,

W, - (VxV)=0. (10.63)
When this is substituted into Eq. 10.62 we get,

W, x V,+2W, x [(V-V)W,] =0. (10.64)
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10.6 Conditions on the Vector V

We have found three conditions that must be applied to the vector function V and its derivatives.
These are given in Egs. 10.57, 10.63 and 10.64. We will look at Eq. 10.24 first to which we
apply the expression for divergence given in Eq. A.17. The result is,

(W x Wg) -V, — (W, x Wy) -V, =D,(V-Wy). (10.65)
To Eq. 10.63 we apply the expression for the curl in Eq. A.23 which results in,
W, -V, — W, -V, =0. (10.66)

Finally we use Eq. A.26, the expression for the directional derivative, to reduce Eq. 10.64.
From that calculation we get,

D(W, x V) +2[(W, x V) - W, (W, x W),

10.67
—(W3xV) - W,(Ws x Wy,)] =0. ( )

So, for the expressions for E and H, given in Egs. 10.59 and 10.60, respectively to satisfy
all four Maxwell equations in Egs. 10.1 and 10.3 as well as the side condition E - H = 0 the
vector function V must satisfy Egs. 10.65, 10.66 and 10.67.

10.7 Spherical Wavefronts

The expressions that we have obtained for E and H contain two arbitrary functions. In addition
to the k-function, in which resides the geometric aberrations of the wavefront train there
is the vector function V which appears to be determined by the physical properties of the
electromagnetic radiation. In this section we restrict ourselves to spherical wavefronts, thus
determining completely the k-function, and applying the results to the three vector equations
that involve V.

In Chapter 6 we obtained the form of the vector function W (v, w, s) when the wavefront
train consists of concentric spherical waves. With the center of these wavefronts located at the
point —(0, h, t) we got,

(6.27) Wy (v, w, 8) = %S—K7
where,

(6.26) k=vhtwt,

and,

(6.25) ky = h, kw =1,

so that,

K = (0, h, t). (10.68)
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We also found the partial derivatives,
S s
6.28 W, =—-——(SxZ), W, = —(SxY),
(6.28) > (8x2) 2 (8xY)

the differential element of area,

(6.30) D="

and its derivative,

D, = 2%
nu
In getting Eq. 6.28 we used,
1 1
SU = _7(U7_u7 O) = _7(S X Z)
(6.2) U U

1 1
Sw=——(w, 0,—u) = —(SxY),
—(w, 0,—u) = ~(8xY)

which we will need in this section.
These results we will apply first to Eq. 10.57 which we rearrange in the form,

D(Wyx V)= (W, x Wg) - V(W, x W),

(10.69)
—(W, x W) - V(W,, x Wy),.
We use Eq. 6.28 to make the following calculations,
s —5 9
WwXWS:%(SXY)XS:%(’US—TL Y)
(10.70)
—s 5 9
W»U XWSZ%(SXZ) XS:%(wan Z)7
which we substitute into Eq. 10.57 to get,
-5
D(W, x V), = W[(us —n%Y) - V(wS — n*Z)
—(wS —n?Z) - V(vS — n?Y)]
—S
(10.71)

+n?[(V-Y)Z — (V-Z)Y]}

= VX [S % (WY —0Z)] + 7V % (Y % 2)

=2 VxS xY)—uv(S x Z) + n?X].

n2u?
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Now we use Eq. 6.2 to break this up into its vector components,

D(W, x V), = #V x [w(=w, 0, u)

—v(v, —u,0) +n%(1, 0, 0)]

s (10.72)
= WV x (n? —v? — w?, w,uw)
= %V x S.
nu
Now we use Eq. 6.30 to get,
s (W x V) +25(W, x V) =0, (10.73)
an ordinary differential equation whose solution is,
2 (W, x V) =A, A, =0. (10.74)
From Eq. 10.59 we can see that,
1
E = SA, (10.75)
5
the law of least squares.
Next we come to Eq. 10.65 which we rearrange as,
Ds(V- W) =W, - (W xV,) =W, - (W, xV,). (10.76)
First note that,
1
(WsxV),=W;xV,+ W, xV = — Ay,
s
with a similar expression for the derivative with respect to w. These lead to,
1
WS XVU = 72A-1)7W'US x 'V
81 (10.77)
Wi x Vy=—5A, - Wy xV
5
Doing the appropriate multiplications we find,
1
Wy, (W x V)= —SA, - Wy, — (W, x W) -V
5
(10.78)

1
W, - (W xV,)= S—QAw W, — (W, Xx W) - V.
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Substituting this back into Eq. 10.76 yields the following,
DLV W,) = (A Wa) = (Ay - W)
=—(Wy x W) - V+ (W, x Wy,) -V
= (W, xW,)s-V
— D(W, V).
The final result is,
(Ay-Wy) = (Ay - W) =0, (10.79)
which, on the application of Eq. 6.28, becomes,
(SxZ)-Ay+(SxY)- Ay =0, (10.80)

Finally we turn to Eq. 10.66 which, when W, and W, are substituted from Eq. 6.28
results in,

SxY) - V,+(SxZ)-V, =0,
which we rearrange as,
(VuxWg) Y+ (Vy, xWg)-Z=0
or,
(WsxV,) Y+ (WyxVy,)-Z=0. (10.81)

Into this we substitute from Eq. 10.77 to get,

SIAY) +(A - Z)] = V(Y X W) + (Z X W)

_ %V-[(Yx S,) + (Z x S,,)]

:—%V-[YX(SXZ)—I—ZX(SXY)}

:%V-[(S-Z)Y—(S-Y)Z]

Z%V'[SX(YXZ)],

which is the same as,
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The ultimate result comes from substituting from Eq. 10.74 to get
u[(Ay - YY)+ (Ay-Z)]+A-X=0. (10.83)

We have found expressions for E and H as well as the Poynting vector for homogeneous,
isotropic media. We did this by using a system of generalized coordinates in terms of which
the Maxwell equations are cast. The generalized coordinates are the parameters of wavefront
trains, expressions that are a general solution of the eikonal equation. Associated with this is
an arbitrary function, the k-function, that arises from the method used in getting the eikonal
equation’s general solution.

In obtaining solutions for E and H from the Maxwell equations a second arbitrary function,
the vector function V, is introduced. V and its derivatives are subject to three conditions that
assure that E and H do indeed satisfy the Maxwell equations.

In the k-function resides only information regarding the geometry of the wavefront train.
The vector function V contains information regarding its physical properties; amplitude, state
of polarization, phase relations, etc. One would expect V to involve the complex exponential
function dependent on the parameter s as well as the k-function.

These solutions depend on two arbitrary functions. Recall thatif either E or H is eliminated
from the four Maxwell equations a second order partial differential equation, the wave equation,
results. A general solution of such an equation must involve two arbitrary functions.

The whole point of this exercise was to obtain expressions for E and H within the context
of the k-function. These vectors can be associated with points on a wavefront or on the exit
pupil of a lens over which a diffraction integral can be calculated. Since there is no restriction
on the magnitude of angles these calculations could lead to a vector diffraction theory.
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11 The Modern Schiefspiegler

The modern schiefspiegler is a wildly off-axis, reflecting optical system usually conceived as
a telescope, but with other configurations possible. Its advantage is that it can be designed
without a central obscuration and it can be folded to fit into a limited volume such as that found
in the restricted space of a satellite. Its disadvantage is that its reflecting surfaces need to be
off-axis segments of conic sections of revolution, making fabrication, testing and alignment
extremely difficult.

11.1 Background

The history of off-axis telescopes is long indeed. Kutter pointed out that attempts at such designs
began as early as 1685 though none was taken seriously until the 1870’s. From that point on,
until the 1930’s, a number of these designs were fabricated. Some were clearly embarrassments;
others, mainly those fabricated by Kutter himself, were moderately successful. A summary of
Kutter’s work appears in Stavroudis.'

Also in Kutter? appears an outline of subsequent work on these off-axis systems. Beginning
with the study of the effects of small tilts on the components on the Seidel aberrations, or,
more accurately, their effects on the coefficients of a power series that is an analog of the
Seidel terms. Their purpose was to predict the effect of such tilts and displacements on these
aberrations in order to establish tolerances on the fabrication of precision optical systems.
The extension of these results to the design of off-axis systems was a logical consequence. A
detailed examination of these general methods and their subsequent application is presented
in a dissertation by Richard Buchroeder? that contains a comprehensive bibliography.

Over sixty years ago Anton Kutter gave an account of his experiments in the design of
off-axis telescopes.* His approach was to modify existing designs, such as the Cassegrain
and the Gregorian, by restricting the working area of the primary mirror and then by rotating
and translating the secondary mirror with respect to the primary. In this way he could correct
residual aberrations. Changes in the power of the secondary were also made. This system he
called the Schiefspiegler.

The modern schiefspiegler differs from Kutter’s original concept in that it consists of two
prolate spheroid mirrors coupled by conjoining the distal focus of the first with the proximal
focus of the second. A ray through the proximal focus of the first spheroid must, after reflection,

I'Stavroudis and Ames 1992.
2Kutter 1953.

3Buchroeder 1970.

4Kutter 1969.
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Figure 11.1: Two Coupled Spheroids. fp, is proximal focus of the first ellipsoid, fq, is the distal focus
of the second ellipsoid. A is the location of the distal focus of the first ellipsoid, f4,, and the proximal
focus of the second, fp,.

pass through the common focus and then, after a second reflection, through the distal focus
of the second spheroid. The pseudo axis is one such ray with the property that it is a line
of symmetry for all other meridional rays. The entrance pupil is located at the first proximal
focus; the entrance pupil plane is perpendicular to the pseudo axis. It follows that the exit
pupil is located at the second distal focus. Therefore all rays that pass through the foci, in the
language of conventional optical systems, are chief rays.

Now arrange two such spheroids so that the distal focus of the first coincides with the
proximal focus of the second. Let 3 be the angle between the two spheroid axes; these, in turn,
determine a plane which we will call the plane of symmetry. It follows that any ray through
the proximal focus of the first spheroid must also, after reflection, pass through the common
focus and then, after a second reflection, through the distal focus of the second spheroid.

We locate the system’s entrance pupil at the proximal focus of the first spheroid; the exit
pupil must then be at the distal focus of the second as is shown in Fig. 11.1. Rays through
these foci, in the language of conventional optical systems, are therefore chief rays.

At this point we define the pseudo axis as that chief ray lying in the plane of symmetry
about which all other chief rays that lie in that plane are symmetric. Of course all chief rays
not lying on the plane of symmetry will be symmetric with respect to that plane. The condition
for the existence of the pseudo axis appears in reference [1]. A shorter proof will be given here
in a subsequent section. As part of the definition of the modern schiefspiegler we will take the
entrance pupil plane to be perpendicular to the pseudo axis at the first proximal focus; the exit
pupil, also normal to the pseudo axis at the second distal focus.

With the pseudo axis established the system possesses many of the properties of a conven-
tional, rotationally symmetric optical system. It is possible to speak of angular magnification’
and distortion. An unexpected result, quite contrary to intuition, is that magnification is uniform
in all directions.

5Stavroudis and Flores-Hernandez 1998.
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This schiefspiegler differs from the earlier version in that it begins with an off-axis sys-
tem, imposes conditions and restrictions, and analyzes the resulting structure. There are no
approximations; all calculations are exact.

In recognition of Anton Kutter’s earlier work I have called this system the modern schief-
spiegler. Its elements are prolate spheroids, ellipsoids of revolution with the major axis of the
generating ellipse as the axis of rotation on which lie the two foci. Earlier work along these
lines can be found in reference [1].

11.2 The Single Prolate Spheroid

This is one of the conic sections of revolution that we had described in Chapters 2 and 4 where
we choose a focus as a coordinate origin and the axis of rotation as the polar axis. This is
shown in Fig. 11.2. As in previous chapters we refer to the focus at the coordinate origin as the
spheroid’s proximal focus; the other as its distal focus. In Chapter 4 we applied generalized ray
tracing to get expressions for reflected rays and principal directions and principal curvatures
for wavefronts associated with rays passing through the proximal and distal foci. As before
we use the direction cosine vector, S = (£, 7, (). Referring back to Chapter 7, for such a ray
we found that the point of incidence is

(7.63) P = 0(¢, n, ¢),

where we obtained,

r

(7.64) 0= =T

the distance along the ray from the proximal focus to the point of incidence. Also from Chapter 7
we have the unit normal vector to the reflecting surface at the point of incidence,

(7.65) N=2(6 9 (),
where,
(7.66) K2 =1+€—2¢C.

The cosine of the angle of incidence was found to be,

1—¢C
K

(7.68) cosi =

From the ray tracing equation for reflection we have,

(7.70) S'=—(1-€e)& (1—€e*)m, (1+€)¢—2e).

A=
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Figure 11.2: The Prolate Spheroid. A ray from the proximal focus is reflected by the spheroid and then
passes through its distal focus. ¢ and ¢’ are the angles the ray makes with the spheroid axis. p and p’
are the ray path lengths before and after reflection.

Figure 11.3: Illustrating the Prolate Spheroid. Show is a ray that passes through one focus, is reflected
by the ellipse, then passes through the second focus. p and p’ are the two distances from the point of
incidence to the two foci.

which when cast in scalar form becomes,

,_1762

1—¢€?
’_ 11.1
= (11.1)
1 20 _
C_IC[(I—i-e)C 2¢].

Finally, also from Eq. 7.64, the distance from the point of incidence to the distal focus is

]C2
I __
(7.64) o' =0 -

These relationships are shown in Fig. 11.3

11.3 Coupled Spheroids

The principle behind the modern schiefspiegler the coupling of two prolate spheroids are so
that the distal focus of the first coincides with the proximal focus of the second. This we shall
refer to as the common focus. Here €, and 7 are the eccentricity and semi latus rectum of the
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Figure 11.4: Tivo Coupled Spheroids. The distal focus of the first ellipsoid coincides with the proximal
focus of the second. The two axes constitute the pseudo axis.

first spheroid and €5 and ro are those for the second. Let 3 be the angle between the axis of
the first spheroid and that of the second. The system so obtained now has bilateral symmetry
with the plane of symmetry determined by the two spheroid axes as shown in Fig. 11.4

Any ray through the proximal focus of the first spheroid, labeled A in Fig. 11.5, after
reflection, must pass through the common focus, labeled B. Then, after a second reflection,
through the distal focus of the second spheroid labeled C. Choose one such ray that lies entirely
in the plane of symmetry and that makes an angle a with the axis of the first spheroid. This will
be the pseudo axis; we will find a condition that will assure that it will be a line of symmetry for
all other rays that, like it, pass though the first proximal focus and lie on the plane of symmetry.

In order to clarify what follows let 8 and S5 be unit vectors along the axes of the first and
second spheroid, originating at the first A and second proximal foci B. Further, let Sy lie along
the pseudo axis, originating at the proximal focus of the first spheroid A.

After reflection at the first spheroid the direction of the ray representing the pseudo axis
will be designated as Sy’; after reflection at the second spheroid its direction will be indicated
by §0H.

Now take a more general ray through the first proximal focus with direction cosine vector
S = (& n, ¢), the components of which are with respect to Sy the unit vector along the
presumed pseudo axis. The y-component lies in the plane of symmetry and is normal to Sp.
Then this ray will have as direction cosines S; = (&1, 71, (1) where,

&= ¢
m= mncosa+ (sina (11.2)
(1 = —nsina+ (cosa.
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Figure 11.5: Coupled Spheroids. A is the location of the proximal focus of the first spheroid; C' the
distal focus of the second. B is where the distal focus of the first spheroid coincides with the proximal
focus of the second. §; and S; are the spheroid axes; 3 is the subtended angle. The thicker line is the
pseudo axis, « is the angle the pseudo axis makes with the axis of the first spheroid; o, is between the
pseudo axis and the axis of the second spheroid in image space. 8o, So” and 8o”’ are unit vectors along the
pseudo axis in object space, in the space between the two reflections and in image space, respectively.

These components are relative to the original coordinate system whose z-axis, S1, is along the
axis of the first spheroid. Again the y-axis lies in the plane of symmetry. Here we have done
a coordinate rotation through the angle « at the point A.

Now we can invoke Eqgs. 7.63 and 7.64 to find the point of incidence,

P =01, m.G), (11.3)

where,
T1
- )
1-eG

and the unit normal vector from Eq. 7.65,

01 (11.4)

1
N = E(glv m, Cl - 61)7 (115)

where, from Eq. 7.66 we get,
Ki=14¢e —26(. (11.6)
Referring to the first spheroid and Eq. 7.64, we get
IC2

/ 1
— o —1 11.7
o =17 & (11.7)
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the distance from the point of incidence to the common focus, B.
To Eq. 11.1 we apply the formulas for reflection given in Eq. 11.2 to get,

; 1-— ef
51 - ICl f
,  1— 6% .
= (ncosa + (sin ) (11.8)
K1
1 .
G = K, [(1+€f)(—nsina + Ccosa) — 2¢].

These components again need to be referred to §; and to the plane of symmetry.

At the common focus we need to make another rotation of coordinates to a coordinate
system whose z-axis, indicated by S», is along the axis of the second spheroid. Recall that (3 is
the angle between the spheroid axes. Then the coordinate rotation, just as in Eq. 11.2, is given
by

L= &'
m2= m'cosB+( ' sing (11.9)
G =—m'sinf+ (' cosp,

where [ is the angle between the two spheroid axes. Into Eq. 11.9 we substitute from Eq. 11.8
to get the components of S’, now being referred to as S,. These are,

1— e
62 - ICl 6
1
= —[—2¢€1 sin 3 + An + B(] (11.10)
1
Co = [261 cos 8+ Cn+ D¢,
K

where,
A= (1-€)cosBcosa — (1 +€2)sinBsina
B=(1—¢€})cosBsina + (1 + €2)sinBcosa aLLD
C = (1—-e})sinfBcosa+ (1+¢€7)cosBsina '
D= (1—¢€})sinBsina — (1 +€})cos Bcosa

at point B. All this is shown in Fig. 11.5.
We use again Eq. 7.66 to define,

K2=14¢e2—2e( (11.12)
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and use it and Eq. 11.6 to get,
KiKs = (1 + €2)K1 + 2€2(2¢; cos § + Cn + DC)
= (1+€3)(1+ €3) +4ereacos B
+2n[e1 (1 + €2) sina + €3]
(

(11.13)
—2([e1(1 + €3) cos a — e3D].
By applying Eq. 7.64 we get the two relations
- 72 - rokKCo
02 = 1—ea(s o K2+62(2610086+C7’]+DC)’ (11.14)
’_ Ko .
g2 02 1 — G% .

Finally we apply once again the reflection formulas in Eq. 11.1 to Eq. 11.10 and get S”
whose components are,

(1-e)(1—€)

r_ 2T\ T4G)
52_ IC1’C2 5
, 1—€ .
ny = K (—2¢18in B8+ An + B()
1 12 (11.15)

Ch= K [(1 4 €3)(2€1 cos B4 Cn + D) + 262K7]

1K2

1

:_IC1/C2(2P+QT]_RO7

where,

P=e(1+€3)+e1(1+€2)cos B
Q=4dereasina+ (14 €2)C (11.16)
R=4ereacosa — (14 €2)D.

Equations 11.15 and 11.16 provides us with the direction cosines of this general ray at the

distal focus of the second spheroid in terms of a coordinate system whose z-axis lies along So,
the axis of that second spheroid.

11.4 The Condition for the Pseudo Axis

We have tacitly assumed that the pseudo axis is that chief ray that makes an angle a with the
axis of the first spheroid. It makes sense to call o’ the angle that this same ray, in image space,
makes with the axis of the second spheroid.
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Now let § = n = 0 so that ¢ = 1. In what follows we signal this situation by a superior
bar as in S. Then Eq. 11.13 provides the angle o’ between the presumed pseudo axis and the
axis of the second spheroid. These are given by,

K1iKgsina/ = (1 — €2)(—2¢;, sin 8 + B)
o (11.17)
K1Kscosa' = —2P + R,
where, from Eq. 11.15,
KiKo = (14 €2)(1 + €2) +4ereacos B — 2[e1 (1 + €2) cos o — e D). (11.18)

Next we take a ray lying in the plane of symmetry that makes an angle 6 with the presumed
pseudo axis so that £ = 0 and p = sin 6, { = cos . If 6’ is the angle that this same ray makes
with the pseudo axis in image space then, from Eq. 11.15, we get,

sin(a/ +6') = }C_Keg (—2¢1 sin 3 + Asinf + B cos )
e (11.19)
cos(a/ +6") = e (2P + Qsinf — Rcos¥).
where, from Eq. 11.13,
KiKo = (1+ €})(1 + €5) + derez cos 8
+2[e1(1 4 €3) sina + €C] sin @ (11.20)
—2[e1(1 + €3) cos a — eaD] cos b.
We use the identity
sin @’ = sin(a’ + 0) cos o’ — cos(a’ + @) sina’ (11.21)
and Eqgs. 11.17, 11.18 and 11.20 to get,
sinf’ = _ {2(BP — €1 Rsin 3)(1 — cos )
K1KoK 1Ko (11.22)

+[AR + BQ — 2(AP + e1Qsin )]} .

Recall that the condition for the pseudo axis is that it be a line of symmetry for all other
chief rays lying in the plane of symmetry. Consider 6’ as a function of §. Then for this to hold
0'(—0) = —0'(9), so that #’ is an odd function of §. Now look at the expression for the sine
of 8" in Eq. 11.22. For it to be an odd function its numerator must be odd and its denominator
must be even. For the numerator to be odd the coefficient of 1 — cos # must vanish. This gives
us, with the aid of Eqs. 11.11 and 11.17, the following,

BP — ¢ Rsin 3= [(1 — €%) cos Bsina + (1 + €2) sin B cos o]
X [e2(1 4+ €2) + €1(1 + €2) cos B] — €7 sin 3{4e1 €3 cos a
—(14+€3)[(1 — €2)sinBsina — (1 + €2) cos Bcosal} (11.23)
= (1 —eD{ler(1 +€3) + e2(1 + €F) cos f] sina
+e2(1 — €?)sin Beosa} = 0.
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Consider now the engssion for the factor in the denominator, X1 /Cs, found in Eq. 11.20.
(Note that the product /C; Ko does not enter into this calculation because it does not depend on
0.) For the coefficient of sin # to vanish

e1(1+€2)sina + eC =0, (11.24)
which, on application of Eq. 11.11, yields,

€2(1 — €2)sin 3
e1(1+€3)+ el +€3)cosf’

tana = — (11.25)

Note that the sum of the squares of numerator and denominator of the equation in Eq. 11.25
is,
e2(1 — €2)?sin”® B+ [e1(1 + €2) + e2(1 + €2) cos 3]?
= e3(1 —€})?(1 — cos® B) + €} (1 + €3)°

+2e162(1 4+ €2)(1 + €3) cos B+ €3(1 + €2) cos® 3
2(1+€2)?2+€3(1 — €2)? + 2e162(1 + €2)(1 + €2) cos 8

+e3[(1+€)? — (1 — €})? cos® B
(1+efed)(ef + €3) + 2e162[(1 + €fe3) + (¢f + €3)] cos

+4e2e cos? 3

= (1+ €362 + 2e1€2 cos B) (€3 + €3 + 2€1€2 cos 3).

Now define,
p? =1+ €2e3 + 2e1e9cos B
(11.26)
® =€ + €2 + 2¢e169cos 3,
so that,
sina = —ex(1 — €2) sin 3/pq
! (11.27)
cosa = [e1(1 + €3) + ea(1 + €2) cos (] /pq.

This assures that the denominator of the expression for sin @’ will be an even function of 6.

Substituting these expressions into Eq. 11.23 we see that that equation is satisfied also thus

assuring that the numerator of sin 6 is an odd function. It follows that sin 6 is indeed an odd

function and that Eq. 11.25 is indeed a condition for the system to possess a pseudo axis.
First of all note that, from Eq. 11.26,

P2+ %= (1+e)(1+ )+ 4derezcos 3
- =0-6)(1-¢e).

Next, referring to Eq. 11.20, it can be shown that,

(11.28)

K1Ks = p? + ¢* — 2pq cos 6, (11.29)
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so that,
K1k = (p — Q)2~
Now apply these results to Eq. 11.11 and get,
A= (1-e)le2(1+€f) +er(l+€3)cos ] /pg
B =ei(p® +¢%)sin B/pq
C=e(l-e)(l+e)sinb/pg
D= —[e2(1 - €})? + e1(p* + %) cos f] /pg.

This and Eq. 11.17 yield up the following,

sina’ = ¢ (1 — €3)sin 3/pq
cosa’ = [ea(1+ €3) + €1 (1 + €3) cos 3] /pq.
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(11.30)

(11.31)

(11.32)

The angle between the pseudo axis and the axis of the second ellipsoid is «’. The equations
for o given in Eq. 11.32 can be obtained from the equations for « in Eq. 11.27 by interchanging
1’ and "2’ and by changing the sign of 3. This is tantamount to turning the system around.

11.5 Magnification and Distortion

The next step in this argument is the application of Eq. 11. 32 to Eq. 11.16 to get,

P =pgcosa’
Q= (" — ) sinal
R=(p*>+ q¢*)cosc’.

(11.33)

These, together with Egs. 11.31 and 11.32, when applied to Eq. 11.15, yield the vector S”,

whose components are,

; 2_q2
§ = prrer—apecS

1y = m{ [C(P* + %) — 2pq] cos o
+n(p? — ¢?) sin o/}

G = Wl,zpqg{ [C(P* + %) — 2pq] sin o

(0 — ¢*) cosa’},

which, as before, refer to So, the vector along the axis of the second spheroid.

(11.34)
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A final rotation of these vector components, through the angle «, as done in Eq. 11.2, gives
us S” = (&%, n*, ¢*), where,

o Pod
p? +¢% — 2pqC
2 2
. P —q
= 7 (11.35)
p? +¢% — 2pqC
cr = S %) — 2pg
p? +¢% — 2pqC

These components are now referred to Sp”/, the unit vector along the pseudo axis in image
space. This final rotation takes place at point C'. See Fig. 11.5.

We can see from Eq. 11.35 that the pseudo axis, in image space, is indeed an axis of
symmetry, not only for those chief rays lying in the plane of symmetry, but also for all chief
rays. From this it follows that the attributes of chief rays that lie in the plane of symmetry will
apply to all chief rays. So, with no loss of generality we find expressions for magnification
and distortion for those rays lying in the plane of symmetry, confident that they will be valid
for all chief rays.

So once again let £ = 0 and let p = sinf, ¢ = cos @ ; then n* = sin®’ and * = cosf'.
From Eq. 11.35 we can get,

tanf’ =

(p* —¢*)sinb
= M(0)tan0 11.36
(p? + q?) cos 6§ — 2pq (0) tan ), ( )

where,
(p® — %) cos b

M) = 5 eos =20 (11.37)

The magnification of the system must then be M (0),

M(0)=M = pra (11.38)
pP—q
so that distortion is,
D(#) = M(8) — M (0)
p+q  2pg(l—cosh) (11.39)
T p—q P+ ?)cosl—2pq’

Distortion as a fraction of magnification then must be,

— 2pq(1 — cos )
D(9) = . 11.40
©) (p% + ¢?) cos 0 — 2pq ( )

Now return to Eq. 11.38 and solve for p to get,

M+
P=r—1

0. (11.41)
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When this is substituted into Eq. 11.40 we get

(M? —1)(1 — cos )

Do) = (MZ+ 1)cosf — (M2 —1)

(11.42)

which shows that distortion depends only on the system’s angular magnification.

11.6 Conclusion

The modern schiefspiegler is an unusual system. The derivation of the condition for the
existence of the pseudo axis reveals its unique properties. The good news, as shownin Eq. 11.35,
is that its chief rays behave like chief rays in a rotationally symmetric system; that magnification
is uniform in all directions. The bad news is that, once magnification is established, distortion
is a fixed function of 6.

All of the results presented here can be extended to hyperboloids of two sheets by setting the
value of the eccentricity (¢) to a value greater than unity or, in the case of telecentric systems,
equal to unity. Moreover, by changing the sign of € in Eq. 7.64, the roles of the proximal
and distal foci are interchanged. However, all of our numerical work has been with prolate
spheroids with the proximal and distal foci in their usual order.

A modest but comprehensive literature pertaining to the first-order properties of the systems
without symmetry and their aberrations exists, beginning with a chapter in Kutter’s book.
Sands’® development of an aberration theory for what he calls plane symmetric systems and
double-plane symmetric systems is certainly germane as is a more general work by Buchdahl.”
The more modern and monumental work of Stone and Forbes,® which appeared in the later
twentieth century, will certainly play an important role in the development of the schiefspiegler.

6Sands 1972, 1973a, and Sands 1973b.
7Buchdahl 1972.
8Stone and Forbes 1992a, Stone and Forbes 1992¢, Stone and Forbes 1992d, and Stone and Forbes 1992e.



12 The Cartesian Oval and its Kin

Cartesian ovals are a class of refracting surfaces that image perfectly an object point into an
image point. The first to find its algebraic formula was Descartes, though it is said that Kepler
had obtained a numeric solution as early as 1602. Descartes was the first of a long line of
investigators that had derived its formula independently, among whom was Maxwell; indeed,
it is sometimes referred to as the Maxwellian oval.

It used to be that a new derivation was announced about every ten years giving us knowl-
edgeable folk an opportunity to display our erudition,' but nowadays there is little interest in
investigations of this kind.

There are two approaches to finding the equation for this kind of surface. One, which we will
apply here, uses elementary algebra and relies on the fact that the optical path length, through
any optical system, between two conjugate points, is constant. The other uses the refraction
equation and the unit normal vector to the desired surface to find a partial differential equation
whose solution is the appropriate formula.

The surface must be rotationally symmetric with the axis of symmetry being the line
connecting the two conjugate points. Its equation is a quartic polynomial. However when
either the object point or its image point is at infinity the equation degenerates into either a
prolate spheroid or a hyperboloid of two sheets. When the surface is forced into the shape of
a sphere, the two conjugate points become the aplanatic points of the sphere which we had
already encountered in Chapter 9.

12.1 The Algebraic Method

Suppose a point on the required surface has the coordinates, P = (z, y, z), that the coordinates
of the object point are Pg = (0, 0, —t) = —tZ and that those of the image point are
Py = (0, 0, t1) = t1Z, where the z-axis is to be the line connecting Po and P4. The unit
vector Z, of course, lies along the z-axis. Let the coordinate origin lie on this line at the point
where it intersects the desired surface as is shown in Fig. 12.1. Then the distance d from the
object point to P on the surface is,

d? =P +1tZ)? = (z, y, z+1)* =P? + 2tz + % (12.1)
and the distance d; from P to the image point is,

di = (P —t2)° = (2, y, 2 — t1)> = P? — 2t12 + 1, (12.2)

ISee, for example, O’Connell 1998.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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Figure 12.1: The Cartesian Oval. The object pointis at Po = (0, 0, —t); itsimage, at P; = (0, 0, ¢1);
P = (z, y, 2) is the point of incidence of a ray on the refracting surface.

Because Py and P; are to be conjugates the optical path length from P to P to P must
be constant, so that
nd + ni1d; = constant,

or

nyV P2 + 2tz + 12 + ny\ /P2 — 2t12 + t? = constant. (12.3)
If P = 0 then Eq. 12.3 degenerates to

nt + n1t; = constant,

so that the equation for this surface must be

nVP2 + 2tz + 12 + nyy /P2 — 212 + 12 = nt + nyty. (12.4)
We square both sides of this to get
n2(P? +2tz) + n?(P? — 2t12) — 2nnqtt,
= —2nn1/(P2? + 2t2) + 12/(P2 — 2t12) + 3.

We again square both sides and again do further reductions to get
[n?(P? + 2tz) — n?(P? — 2tlz)]2
—4nnytty [P%(n? + n?) 4 2z2(n’t — nity)] (12.5)
—4n?n3 [P2(t? 4 13) + 2t 2(t1 — t)] = 0.
which can be simplified further:
[(n? — n})P? + 2z(n?t + nity)] 2

(12.6)
—4nny(nt + nity) [(ntl +n1t)P? + 2tt12(n — nl)] =0.
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Figure 12.2: The Prolate Spheroid. The proximal focus is z,; the distal focus, at z4. Rays from an axial
object point at co converge to the distal focus.

This quartic polynomial is the equation of the ovaloid generated by rotating a Cartesian oval
about its axis. An example is shown in Fig. 12.2.

The ovaloid is rotationally symmetric with the axis of symmetry being the line connecting
the object and image points. Any ray connecting these two points determines a plane, the plane
of incidence. Expressed as a scalar Eq. 12.6 becomes

[(n — n3)2? + 2:(n2t 4+ m3ty) + (n® — n)(a + 42
—4nny (nt + nqtq) [(ntl +nit)2? + 2tt12(n —ny) (12.7)
+(nty + nit)(2? + yz)] =0.

12.2 The Object at Infinity

Now we modify Eq. 12.7 by extending the object point to infinity. To do this we first divide
Eq. 12.7 by ¢ to get

2
1 1 1
[t(nQ — n%)zQ + 22 <n2 + tn?tl) g + *t (712 — ’I’L%)((EQ + y2):|

(12.8)

1 1
—4nny <n + tn1t1> |:(tnt1 + nl) (y2 + 22) + 2t1(n — nl)] =0.

Next we let t — oo so that Eq. 12.8 degenerates into

2_ n%) —2znyt1(n —nq) — n%(ac2 + y2) =0

22(n
or

(n —n1)[22(n 4 n1) — 2zn1t] — n3(z? +42) = 0. (12.9)
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This we multiply by n + n; and complete the square to get
(n—n))z(n4+n1) —nit1]? —n2(@® +3?)(n +n1) = (n — ny)n3t, (12.10)

a quadratic polynomial that clearly represents a conic section of revolution.

! ks 2+ LIV S . (12.11)
PR Z — —_— x = .
B2 n-+ny A? 4 ’
where
2 _ i 2
2
(n1+n) (12.12)
2_ M1 7Ny
ni+nt

12.3 The Prolate Spheroid

First suppose that n; > n. Then Eq. 12.11 can be interpreted as the equation of a prolate
spheroid (an ellipsoid generated by revolving an ellipse about its major axis) with its center of
symmetry at z, = A and whose eccentricity, from the standard formula? is

B2 n?—n?2 n

By setting z = y = 0 in Eq. 12.11 we find the intercepts with the z-axis to be z = 0 and
z = 2a, just as they should.

The distance from the center A to each of the two foci equals €A = nt; /(n; — n) so that
their coordinates are

nity n ny—n
zp=A(l—¢) = nl—i—n(l_nil):tlnl—i—n
. (12.14)
nity n
= A(1 = 1+—)=t
2d (1+e) n1+n( +n1) 1,

where z, is the proximal focus and z4 is the distal focus. This shows that the optical focus
of the refracting prolate spheroid is at the spheroid’s distal focus, the focus further from the
vertex. Here the use of the word focus for two different concepts is indeed confusing.

Using a standard formula, we find the latus rectum to be,

2

latus rectum = 2— = 2¢4 n1 n.
A ny

This is all shown in Fig. 12.3.

2The literature is indeed sparse. The Cartesian oval appears as an exercise in Buchdahl 1970, p. 310. Luneburg
1966, pp. 129-138 gives a detailed account (with part of which I disagree) and Stavroudis 1972, pp. 97-100 (in which
I perpetuate Luneburg’s incorrect methods). There is also Herzberger 1958, Chapter 17.

(12.15)
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Figure 12.3: Showing the ellipse. z, and zq are the proximal and distal foci; A represents the center.
The vertical line through z,, is the semi latus rectum.

12.4 The Hyperboloid of Two Sheets

Now suppose that n > n; so that Eq. 12.11 becomes,

1 n1t1 2 1 2 2
5 Z_n—l—nl —i-ﬁ(:c +y°) =1, (12.16)
where,
2 _ n% t%
2 7(1”1 ;1”)22 (12.17)
- ni+n YV

so the Cartesian oval degenerates into a hyperboloid of two sheets with its center of symmetry
at z. = — A and with its z-intercepts at z = 0 and at z = —2A.
Again we find the eccentricity to be,

B2 n2 —n? n
=14/1 —:,/1 - 1 -1 12.18
€ +A2 + n% " ( )

As in the case of the spheroid, the two foci of the hyperboloid lie a distance €A on either side

of the center of symmetry, z. = — A so that their coordinates are,
t _
sy = —A(l —¢) = -1 (1—”) L
n—+n nq n—+mni
. (12.19)
nity n
= —A(1 = — 1+ — | =—¢t;.
2 (1+¢) n—l—n1( +n1> 1

This is analogous to the case of the prolate spheroid. To avoid unnecessary confusion we retain
the notation for the proximal focus, z,, the focus nearest the coordinate origin, and the distal
focus, z4, the more remote focus, which in this case has a negative z-coordinate. The distal
focus, as in the case of the prolate spheroid, is the image of the infinite object point and is
virtual. The latus rectum is the same as for the spheroid and is given by Eq. 12.15. This is all
illustrated in Fig. 12.4.
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Figure 12.4: The Hyperboloid of Two Sheets. The proximal focus is z,; the distal focus, at z4 the location
of the virtual image of the axial object point at co.

12.5 Other Surfaces that Make Perfect Images

An interesting experiment relates to Eq. 12.6 which contains two factors each enclosed in
brackets. Suppose we chose ¢ and ¢1 in such a way that these factors were equal and therefore
the equation would split into the product of two quadratics. Let k£ be some factor yet to be
determined and let

n? +n? = k(nit + nty)
) ) (12.20)
n?t + nity = kit (n — ny),
a pair of simultaneous equations that have two sets of solutions
tz—nl/k, tl =nk (1221)
and
t=—(n+n1)/k, t1 = (n+n1)/k. (12.22)

Look at the first of these solutions, Eq. 12.21. First of all notice that nt + nit; = 0 so
that the optical path from object point to image point is zero and that the first term of Eq. 12.6
becomes

(n? —nH)P? —2nnyz(n —n1)/k =0

which can be rearranged into

2 2
_ nni 2 2 _ nnq
(2 k<n+m>> ety (k<n+n1>> (1223

the equation of a sphere with z-intercepts at = = 0 and at
z = 2nny /k(n + ny) and with a radius r = nny /k(n + ny) so that

nny

k= ———.
r(n+nq)

(12.24)
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Figure 12.5: Showing the Aplanatic Points and Surfaces of a sphere. Rays focused on point z; in object
space are refracted to focus on point 27 in image space. z is the common center.

When this value of k is substituted back into Eq. 12.21 we get
t=-r(l+ni/n), tr=r(1+n/n). (12.25)

These represent distances to an object point and its image point that are imaged perfectly by
the refracting sphere. These are the aplanatic points of the sphere and are shown in Fig. 12.5.

We can go further. Because the sphere is centrally symmetric two spheres can be generated
by rotating the aplanatic points about the sphere’s center. This generates a pair of spheres that
are perfect images of one another. These are referred to as the aplanatic surfaces of a sphere.
This is also illustrated in Fig. 12.5.

In days long past, before the advent of the computer, the aplanatic points and the aplanatic
surfaces were used to trace rays graphically. Using only a straight edge and a compass,
meridianal rays could be traced directly on the layout of a lens design, not with great accuracy
but adequate for a quick and rough evaluation.

Now we return to Eq. 12.22 the other solution of the equations given in Eq. 12.20. As before
we substitute these expressions into the equation for the Cartesian oval given in Eq. 12.6. The
result is

n+n n+n nn
<P2—2z - 1) KP?—zz - 1)+4k;] -0. (12.26)

We look at each quadratic factor separately. The left factor becomes

2 2
(Z_n—;Th) NI Y (n—l};nl)
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another sphere that passes through the origin with radius r = (n 4 n1)/k so in this case

n-+ny

k= (12.27)
r
When this is substituted into Eq. 12.22 we get
t=—r, t1=r (12.28)

a statement of the unremarkable fact that the center of a sphere is its own perfect image.
The right hand factor of Eq. 12.26 is

2 n-+ny nny

which becomes

m2+y2+(z—2—n)(2—%):0, (12.29)
k k
the equation of an ovaloid with intercepts at z = 2n/k and at z = 2n4 /k.

This concludes this shortest of chapters on the Cartesian oval. Unfortunately it seems to
have no real applications except as a magnifying glass where the narrow end of the oval is cut
off normal to the axis at the location of the image point and polished as a plane surface. Then
when the plane surface is placed on a sheet of paper on which there is writing or some sort of
diagram, a magnified virtual image is formed.

But it does give us a chance to display our erudition when the Cartesian oval is again
rediscovered and republished.



13 The Pseudo Maxwell Equations

The first nine chapters are about Fermat’s principle and its consequences. From this medieval
relic we derived the eikonal equation and obtained its general solution in which the k-function
first appeared as its arbitrary function. In Chapter 10 we parted from our preoccupation with
geometrical optics and applied our previous results to the Maxwell equations for homogeneous,
isotropic media. This lead us to a solution of the Maxwell equations in terms of the k-function.
We have demonstrated the power and the depth of Fermat’s principle. In this chapter we
speculate. Is there a more subtile relationship between the Maxwell equations and the axioms
of geometrical optics? In this speculation we will return to the optics of inhomogeneous media
and refer to our previous results in Chapters 1, 2 and 7. We will also write the Maxwell
equations once again in terms of the arc length parameter s instead of the time parameter t.

13.1 Maxwell Equations for Inhomogeneous Media

A more general version than that used in Chapter 10 includes € as a function of position while
p is assumed to be a constant.!

VXE:—la—B V-B=0 B=uH

c Ot

L 9D (13.1)
VxH= —-—— V-D=0 D =c¢E.

c Ot

However we need to make a change of variables from the time parameter ¢ to the arc length
parameter s as was done in Chapter 10

0 dso 0 «c¢o0

_—_=—,— =) — = —_——,

ot dt0s Os mnos

The assumption that 1 is constant leads to fatal inconsistencies; we must take it to be a function

of position as is . To be consistent with reality we can assume that it is a slowly varying
function of s.

H
VXEz—\/ﬁa—”SH uV-H+Vy-H=0

€ Os n

(10.2)

- (13.2)
VxH=, /ST 1&g V- E4+Ve-E=0
was n

'Borne and Wolf 1999, Chapter I.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
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13.2 The Frenet-Serret Equations

Now refer back to the vector trihedron in Chapter 2 and the relationship between t, n and b
and the Frenet-Serret equations expressed in terms of the directional derivative

1
t =nxb, ts =(t- V)t = —-n,
p
1 1
(2.12) n=">b x t, n,=(t-Vin=—-t + —b,
p T
1
b=t xn, b, =(t-V)b= ——n.
T

Let a train of wavefronts in an inhomogeneous medium be represented in the usual way
by the vector function W (v, w, s). But the medium is not homogeneous so the results of
Chapter 7 cannot apply. On the other hand the results of Chapter 1 do indeed apply and so we
will make use of Eq. 1.29

d

(1.29 T (nPg) = Vn,

and its equivalent expanded form
(1.30) nPss+(Vn-P,)P, = Vn.

The results of Chapter 2 also apply and so we will make use of those forms of the ray equation,
given in Egs. 2.50 and 2.52, that involves the unit tangent vector t and the unit normal vector n

(2.50) " nt(Vnt)t = Vn.
p

and its equivalent
1 1

(2.52) -n=—tx(Vnxt),
p n

as well as Eq. 2.51 that relates to the unit binormal vector b,
(2.51) Vn-b =0.
We will also need

Vn-n=", (13.3)
P

also from Eq. 2.50.

13.3 Initial Calculations

These, Eqgs. 2.50, 2.51 and 2.52, all relate to a ray, necessarily normal to the wavefront, as well
as its vector trihedron, t, n and b. We have seen in Chapter 4 that the surface parameters can
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always be transformed according to a strict set of rules. Now we assume that this has already
been done; that W, is in the direction of n and that W, is in the direction of b. Through each
point on the wavefront pass two of these lines of curvature that are perpendicular to each other.
Moreover, since N is equal to t these parametric curves are geodesics as shown in Chapter 4.

The notation is indeed confusing. The ray’s unit tangent vector t is also the unit normal
vector N to the wavefront while n and b are normal to the ray and tangent to the wavefront
surface. In an attempt to make things clearer we distinguish the two vector trihedrals associated
with the two families of parametric curves by superscripts, () and (*); thus

t’ = n, n’ = t; (13.4)
and
t*¥ = b, n" =t; (13.5)
so that
b =t"xn”=nxt=—b,
(13.6)

Recall that in Chapter 7 we had applied the Frenet-Serret equations to the NV, P, ) coor-
dinate system to get the equations of generalized ray tracing. We do the same thing here to get,
eventually, the expressions that I have called the pseudo Maxwell equations.

To each of these families of curves we next apply the Frenet-Serret equations, Eq. 2.12.
For the v-curves we get

t’ - V)tY = —n"
( o
v v 1 v 1 v
(t” - V)n® = -t + b (13.7)
(6" V)b" = -
Ty '

n-V)n = it
Py
1 1
V)t = —-—b
(n-V) oo - (13.8)
1
—(n-V)b= ——t,
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where 1/p, is the curvature and 1/, the torsion of the family of v-curves. We do exactly the
same thing for the w-curves to get

1
b-V)b= —t
( ) Pw
1 1
(b-V)t=——Db + —n (13.9)
Pw Tw
1
(b-V)n= ——t,
Tw

where, naturally, 1/p,, is the curvature and 1/7,, the torsion of each member of the family of
w-Curves.
Now refer back to Chapter 7 and the following equation

1 1 1
7.34 —=——=—
( ) o To  Tw
Although it had been applied to the expression for wavefronts in homogeneous, isotropic media
its derivation was not limited to that case and can be applied to this situation. By applying

Eq. 7.34 to Egs. 13.8 and 13.9 we get

n-Vin= —t
(n-V) 1 py 1
W)t = —— b
(n-V) pvn + - (13.10)
1
V)b = Tt
(n-9) ¢,
and
1
b-V)b= —t
( ) Pw
1 1
(b-V)t=——Db + —n (13.11)
Pw o
(b-V)n= ——t
o

13.4 Divergence and Curl

In what follows we will need the following vector identities from the Appendix

(A.12) V(E-F) = (E-V)F+(F-V)E+Ex(VXF)+Fx(VxE),
(A.13) V-(ExF) = F-(VxE)—E-(VxF),
(A.14) Vx(ExF) = (F-V)E—(E-V)F+E(V-F)-F(V-E).

In particular, we will need the fact that if A2 = constant then, from Eq. A7

(A.20) (A-V)A = —Ax(VxA).



13.4 Divergence and Curl 191

Look first at the divergence of t, in which we use repeatedly the vector products from
Egs. A.12 to A.14.

Vt=V-(nxb)=b-(Vxn)—n-(V xb)
=(txn)-(Vxn)—(bxt) (Vxb)
=t-nx(Vxn)+bx(VxDb),

to which we apply Eq. A.20, and get
Vt=—t-[(n-V)n+ (b-V)b],
which leads at once to, using Eqs. 13.10 and 13.11,
V.t:_t.{1t+1t}:_<1+1>7 (13.12)
Pv Pw Pv  Pw

a result obtained by Kline and Kay? using essentially the same methods. By using this same
strategy we can also obtain

Vn=V:-(bxt)=t-(Vxb)—bx(Vxt)
=(mxb)-(Vxb)—(txn) - (Vxt)
=n-[bx(Vxb)+tx(Vxt)
=-n-[(b-V)b+(t-V)t]
=[]
=-n-|—t+-n|,

Pw P

resulting in
1
Von=—-. (13.13)
p

Also
Vb=V -(txn)=n-(Vxt)—tx(Vxn)
=(bxt)- (Vxt)—(nxb) (Vxn)
=b-tx(Vxt)+nx(Vxn)]
=-b-[(t-V)t+ (n-V)n]
1 1
=b e ).
so that

V-b=0. (13.14)

2Kline and Kay 1965, pp. 184—186.
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Next we return to the calculation of the curls of the three vectors that comprise the vector
trihedron. In what follows we use Eqs. A.6, 7.34, 13.10 and 13.11 to get

Vxt=Vx(nxb)
=b-Vin—(n-V)b+(V-b)n—(V-n)b (13.15)
1
=1b
P )

Vxn=Vx(bxt)
=t-V)b=—(b-V)t+(V-t)b—(V-b)t (13.16)
-~ (4 - tb,
and
Vxb=Vx(txn)
=mn-V)t—(t-Vin+(V-n)t—(V-t)n (13.17)
— lny (2o Lyp,

Pw o T

13.5 Establishing the Relationship

We now write the electric field vector, e, and the magnetic field vector, h, as linear combinations
ofnand b

{e: an+ 0b

(13.18)
h=-0n+ab,

sothate-h = 0 and e x h = (a? + (32)t. We use the results of the previous section to
calculate the curls, divergences and derivatives of e and h for substitution into Eqs. 13.2. First
the divergences. From Eq. 13.2

eV-e+Ve-e=0
=¢e[a(V-n)+B(V-b)+ (Va-n)+ (V3-b)| + Ve (an + b)
=—ae/pt+emn-V)a+eb- -V)+amn-V)e+ G(b- Ve,

which leads to
ae/p=(n-V)(ea) + (b-V)(ef). (13.19)
In exactly the same way, also from Eq. 13.2, we get the divergence of h

Bu/p=m-V)(us) — (b-V)(uw). (13.20)
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The curls of e and h come next. Here we use Eqs. 13.16, 13.17 and 13.18 to get
Vxe=V x (an+ (b)
=a(Vxn)+p(Vxb)+ (Vaxn)+ (VS x b)

:a[— <1+1>n—1b} +ﬁn+(1+1>b
g T Pv Pw g T
+(Va-t)b — (Va-b)t + (VB -n)t — (V3 - t)n (13.21)

:t[—(Va~b)+(V6-n)]+n[—a(iJri)+i—ﬁs}
+b {Z+ﬂ<ii)+as],

Vxh=V x (—fn+ ab)
= —B(V xn)+a(V xb)— (V3 xn)+ (Vaxb)

o (D) 2ol (-2

—Bsb+ (VB-b)t + (Va-n)t — asn (13.22)

and

—t[(Vﬂ'b)+(Va~n)]+n[ﬂ<(1T+1)+a—as]

1 1
[2ra(2-2)-s].
Pu o T
The derivatives are much simpler.
€s = (O‘n+ﬁb)s =an; +8bs+asn+G:;b
=a —lt+1b + 5 —ln +asn+06:b
= P - - s s (13.23)
=%+ (as— 5)n+ (8.+ %),
P T T
and
hy

(_ﬁn—i_ab)s:_an+abs_6sn+asb

1 1 1
=-p (—pt + Tb) + « (_Tn) —Bsn+asb (13.24)

Zit—(ﬁs—ka)n—k(%—f)b.

-
Eq. 13.19 becomes

ae/p= (n-V)(ae) + (b V)(Fe)

(13.25)
=¢[Va-n+ VG- -b]+a(Ve-n)+ G(Ve-b)
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and Eq. 13.20 turns into

Bu/p= (- V)(Bu) + (b-V)(au) 1326
=pVB-n—Va- bl +3(Vy-n)—a(Vy-b).

We substitute the expressions in Eqs. 13.21 and 13.24 back into Egs. 13.2 to get
1
) - ﬁs}

Vxe:t[—(va-b)+(Vﬁ~n)]+n{—a(i+7 o
+b [—a+ﬂ<i—i>+as}
S e (g %)n+ (o0 2)b] - Lot ab)

which leads to

t [—(Va-b)Jr(Vﬁ-n)Jri\/ﬂ

+n {—a <1+1> IR \/ﬁ(ﬁﬁa) —ﬂ“s} (13.27)
o T Puw € T n
+b{6(1—1>—a+as+\/ﬁ(as—ﬂ>+aus} =0.
o T Pv € T n

In exactly the same way we use Eqs. 13.22 and 13.23 to get

ceneszo e (12 2 )

which results in

t{Va~n+Vﬂ~b+a\/?]

p\

in [5 (1+1> +0¢_%_\F<%_ﬁ)_aﬂ (13.28)
o T P v T n

+b|:a<1_1>+ﬁ_ﬁs_\/?(ﬁs'i‘a)_ﬁes]:o
g T Pu y% T n

From Eqs. 13.27 and 13.28 we get six scalar equations. Since each is a linear combination
of the three orthogonal vectors t, n and b set equal to zero the coefficients must also vanish
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resulting in

(13.29)

Z T
f) j+pﬁv—(ﬁs+i)<1+\/j)—ﬂ;s=0.

Two more scalar equations come from Eqgs. 13.25 and 13.26
9)  ac/p=cVa-n+VE-b]+a(Ve n)+ (Ve b),
h)  Bu/p=p[~Va -b+Vp-n]—a(Vyu-b)+6(Vy-n).
Finally from Eqgs. 2.56, 2.57 and 13.3 we get

Vn-b= 1[ (w-b)+\/i(w-b>] ~0,

/e + NER )| = /s
which leads to

i) w(Ve-b)+e(Vu-b) =0,
7)) (Ve n)+e(Vu-n)=2n%/p.

(13.30)

Vn -n=

SE L

N = N

(13.31)

Now refer back to Eq. 13.29 and subtract e from c to get

Q

a(V-t) + %(ﬁ+ Vi)? (ozs - f) + —(€s + ps) = 0, (13.32)

n

as well as, by adding b and f,
1 9 e I}
BV 8) = —(Ve+ Vi) (B + =) = (e + 1) = 0. (13.33)
Now multiply Eq. 13.32 by § and Eq. 13.33 by « then add. The result after some reduction is

asf—af, = %(a2+52). (13.34)
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Note that
asfl — afs d arcta « 1
TsP TP . Z oaretan [ = ) = =
o? + (32 ds 3 T’
so that
a= FtanU (13.35)
where
d
U= / ) (13.36)
T

Next we substitute Eq. 13.35 into Eq. 13.32 and get

tan U [5(V )+ g(es + us)} + %(ﬁ + Vi) (as - f) =0 (13.37)

and at the same time we make the same substitution into Eq. 13.33 resulting in

1
- [ﬂ(v 0+ Do m} Vet VY <ﬂs o U) —0. a33®)
By multiplying Eq. 13.38 by tan U and adding to Eq. 13.37 yields, after some reduction
T(as — BstanU) = B(1 + tan® U)
or

8 =71cosU(ascosU — BssinU) (13.39)
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Like so many other myths in geometrical optics, a prefect lens is so rare as to be almost
nonexistent. It should be rotationally symmetric and be able to image certain points in object
space perfectly in image space. Examples of real prefect lenses are the Maxwell’s fish eye, that
was discussed in Chapters 1 and 2, and the sphere, in which the aplanatic surfaces are perfect
conjugates, as was shown in Chapter 12.

14.1 Gauss’ Approach

Gauss, in addition to setting the stage for paraxial optics, invented a system for analyzing the
first order properties of a lens in the initial stages of its design. He began by defining six points,
the cardinal points, with which we can trace rays graphically.

These cardinal points come in pairs. The two foci, one in object space, another in image
space, are the images formed by the lens of an object point at infinity. The two principal
points are conjugate points in object space and image space where both lie on the lens axis
of symmetry. Any point placed on a plane perpendicular to the lens’ axis that passes through
the principal point in object space will be imaged on a similarly located plane in image space.
The important thing here is that the magnification on these two planes is unity. The last two
cardinal points are the nodal points, both lying on the lens axis with the property that any ray
that passes through the object space nodal point must also pass through the nodal point in image
space. Moreover, the two rays, one in object space and one in image space, must be parallel.
Figure 14.1 is an attempt to show this. If the refractive index in object space and image space
are equal, then the nodal points and the principal points coincide.

This kind of ray tracing had been used to establish the general structure of a lens at the
beginning stages of an optical design. The y-y design system, used by some modern optical
designers, is far superior.'

When the refractive indices of both object space and image space are air the nodal points
and the principal points coincide. In this case the focal length of the lens equals the geometric
distance between the focus and the nodal/principal point. This leads to an instrument, called
the nodal slide, with which one can measure directly the focal length of a lens.

!Flores-Hernandez and Stavroudis 1996.

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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14.2 Maxwell’s Approach

The mapping that Maxwell chose is the linear fractional transformation,

;a1 +biy+cz+dy
 ar+by+ez+d
;2T +bay + coz + da
 ar+by+ez+d
,  a3T + b3y +c3z+ds

ar +by+cz+d

(14.1)

where (z, y, z) represents a point in object space and where
(2, ', 2') is its image. The inverse transform has an identical structure,

A’ 4 By +C12' 4 Dy
A2+ By +CZ+D

. Asx’ + Bgy/ 4+ Coz' + Dy
A+ By +CZ +D

_ Aszx’+ Bgy' +C32' 4 D3
- A2+ By +CZ+D "’

(14.2)

another linear fractional transform. Here the coefficients, denoted by capital letters, are deter-
minants whose elements are the coefficients that appear in Eq. 14.1.

The fractional-linear transformation maps planes into planes. This can be seen in the
following way. Suppose a plane in object space is given by the equation,

pr+qy+rz+s=0, (14.3)
into which we substitute (x, y, z) from Eq. 14.2. The result is

(pA1 + qAg + 1Az + sA)z’ + (pB1 + qBs + 1Bz + sB)y'

(14.4)
+(pCy + qCo + rC5 + sC)2' + (pD1 + qDo + rD3 + sD) = 0,

clearly the equation of a plane in image space that is evidently the image of the plane in object
space.

This transformation therefore maps planes into planes. Since a straight line can be repre-
sented as the intersection of two planes it follows that this transform maps straight lines into
straight lines.?

From Eq. 14.1 we can see that the plane in object space, ax + by + cz + d = 0 is imaged
at infinity in object space; from Eq. 14.2, infinity in object space is imaged into the plane
Az’ + By + Cz' + D = 0, in image space.

We have established coordinate systems in both object and image space. Now we impose
conditions on the coefficients that bring the coordinate axes into correspondence. First we look

2Malacara and Thompson 2001, Chapter 1, pp. 1-8.
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at a plane through the coordinate origin of object space perpendicular to the z-axis. Eq. 14.3,
with r = s = 0, as its equation. From this and Eq. 14.4 we get the equation of its image,

(pA;1 + qA2)x" + (pBy + ¢Ba)y' + (pC1 + qCs)z" + pDy + gD2 = 0.

For this plane to pass through the image space coordinate origin and be perpendicular to the
z'-axis, the coefficient of 2’ and the constant term must vanish identically, yielding,

C1=Cy=D; =Dy =0. (14.5)

Again using Eq. 14.3, by setting ¢ = 0, we get the equation of a plane perpendicular to the
y-axis whose image, from Eq. 14.4, is

(pA; +1rAs + sA)x’ + (pB1 + rBs + sB)y + (rCs + sC)x’ + rDs + sD) = 0.
For this to be perpendicular to the 3’-axis the coefficient of 3y’ must equal zero, yielding,
By =By=B=0, (14.6)

The final step in this argument involves a plane perpendicular to the x-axis, obtained by setting
p = 0in Eq. 14.3. Its image, from Eq. 14.4, is

(qAs + 1Az + sA)z’ + (¢B2)y’ + (rCs + sC)2' +rDs + sD = 0. (14.7)
Now the coefficient of 2 must vanish yielding the last of these conditions,
Ay =A3=A=0. (14.8)

These conditions assure that the coordinate axes in image space are the images of those
in object space. Nothing has been done to change any of the optical properties of this ideal
instrument.

Substituting these, from Eqgs. 14.5, 14.6, and 14.7, into Eq. 14.2 yields,

Alfﬂ/ Bgy/ 032’/ + D3
rT=—ry Y= 77—, Z=———. (14.9)
Cz + D Cz + D Cz' + D
It is a simple matter to invert this transformation to get,
A= smad g cds—ad
ay ba (14.10)
C3Z_d7 C:C, D3:d37 D:—C3,
so that Eqs. 14.1 and 14.2 now read,
b —d
7 = a1x y’ _ 2Y ; _ C3%2 3 (14.11)

cz+d’ cz+d’ == cz+d’
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and
2’ (cds — c3d)
ay(cz’ —c3)
_ Y'leds — csd)

= 14.12
ba(cz’ — c3) ¢ )
dZ/ — d3
2= ——".
cz! —c3

Now we impose a restriction on the instrument itself by assuming that it is rotationally
symmetric with the z-axis, and its image, the z’-axis as its axis of symmetry. Then in Egs. 14.10
and 14.11, by = a4 so that we need only the y and z coordinates. They then degenerate into,

/ a1y , _ c3z+d3
_ _ 14.13
cz+d’ * cz+d’ ( )
and
_ Y (cds — c3d)
=
ez’ —cs) (14.14)
dz' — d3
2= -2,
cz! —c3

To recapitulate, the image of a point (y, z) in object space is the point (', 2’) as determined
by Eq. 14.12. Conversely, the image of (y’, z’) in image space is the point (y, z) in object
space obtained from Eq. 14.13.

The plane perpendicular to the z-axis, given by the equation cz + d = 0, has, as its image,
the plane at infinity as can be seen from Eq. 14.12. Therefore, 2y = —d/c is the z-coordinate
of the focal point of the instrument in object space. In exactly the same way we can find the
z'-coordinate of the focal point in image space is z} = ¢3/¢, from Eq. 14.13. To summarize,
we have shown that

——d
{j c/éc (14.15)
=@/

At this point we make a change of variables shifting both coordinate origins to the two
focal points thus,

so that, from the second equation of Eq. 14.12, we get

_ Cd3 —ng
2= .

2z

(14.16)
C

From the second equation of 14.13 using the same transformation we obtain an identical result.
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When the transformation is applied to the first equation of Eq. 14.12 we get

y =2 (14.17)

cz
while the first equation of Eq. 14.13 yields
_ (cd3 — c3d)y’

aicz’

(14.18)
Now define lateral magnification as m = y' /y. Then from Egs. 14.16 and 14.17 it follows

that

a1 aicz’
_a 14.19
= cds — cds’ ( )

from which we can see that the conjugate planes of unit magnification are given by,

Zy=a1/c
z, = (cd3 — cd3) /a;c.

These are called the principal planes of the instrument. Now Zz, and 5;, are the distances, along
the axis of symmetry, between the foci and the principal points. These distances are called the
front and rear focal lengths of the instrument and are denoted by f and f’ respectively, thus

f=a/c
/= (eds — czd)/ayc.
Next we substitute these relations into Eq. 14.15 and get Newton’s formula,
77 = ff, (14.20)
while from Eqgs. 14.16 and 14.17 it follows that
y' = fy/z
y =1/
Suppose now that y and z define a right triangle with a corner at the focus in object space

and let 6 be the angle subtended by the z-axis and the hypotenuse. Then the first equation of
Eq. 14.21 becomes the familiar

(14.21)

Y = ftan®. (14.22)

Finally, let e equal the distance of an axial point in object space to the first principal point
and let ¢’ be the distance between its conjugate and the second principal point. Then it follows

that
{e =z—f
(14.23)



202 14 The Perfect Lenses of Gauss and Maxwell

Figure 14.1: Graphical construction of an object-image relationship. The points z; and z} are the
instrument’s foci and 2, and z,,, its principal planes. From object point O, ray OP is parallel to the axis.
Since P is on the object principal plane, its image P’ must be at the same height. The image ray must
therefore pass through P’z}. A second ray, Oz;(Q, passes through the object focus and therefore must
emerge in image space parallel to the axis. It must also pass through Q’, the image of Q. The two rays
cross at /, the image point.

Substituting these relations into Newton’s formula, Eq. 14.20, results in the familiar

!
f + L/ =1. (14.24)
e e
We have seen that straight lines are mapped into straight lines. Now we complete the
argument and assume that such a line and its image constitute a single ray that is traced through
the instrument.
From these results we can find object-image relationships using a graphic method. In

Fig. 14.1 the points z; and z} are the instrument’s foci and z, and z;, its principal points. Let

O be any object point. Let OP P’ be a ray parallel to the axis, passing through P. Let its
extension pass through P’. Since P and P’ lie on the conjugate principal planes the ray in
image space must pass through P’. Since this ray is parallel to the axis in object space its
image must pass through z} These two points determine completely this ray in image space.

Now take a second ray, Oz (), through the object point O. Since it passes through z it must
emerge in image space parallel to the axis. Since it passes through @ on the principal plane
it must also pass through its image Q’. These two points determine this ray in image space.
Where the two rays cross is I the image of O.

With this concept we can find a most important third pair of conjugates for which the
instrument’s angular magnification is unity. Then a ray passing through one of these points
will emerge from the instrument and pass undeviated through the other. These are the nodal
points.

Refer now to Fig. 14.2. Suppose a ray passes through the axis at zg, at an angle 6, and
intersects the principal plane at y,,. After passing through this ideal instrument it intersects the
axis in image space at z{, at an angle 6’, and passes through the principal plane at y;). Newton’s
formula, Eq. 14.20 provides a well-known relationship between zy and z{),

207 = ff. (14.25)
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Figure 14.2: The graphical construction of the nodal points. The points zy and z} are the two focal
points and z, and z,, the two principal planes. zo and z; are the nodal points where § = 0'. f and f’
are the front and rear focal lengths.

Moreover, ¥y, and yz’) (which are not y; and y}) are equal since they represent the heights of
conjugate points on the principle planes. From Fig. 14.2 we can see that

yp=—(20 — f)tand
Yp = —(f" = zp) tan ¢,

so that the angular magnification is given by

(14.26)

_tan®  zo— f

~tanf  f/— 2}

With the aid of Eq. 14.25 this becomes

For zo and z{, to represent points where the angular magnification is unity it must be that,

(14.27)

—
I
=)
(I
—

f

These nodal points are important for two reasons. In optical testing there is an instrument
called the nodal slide which is based on the properties of the nodal points and is used to find,
quickly and accurately, the focal length of alens. A more subtle property is that images in image
space bear the same perspective relationship to the second nodal point as do the corresponding
objects in object space to the first nodal point.

With this in mind we make another change of variables; a translation of the z-axes to place
the origins at the two nodal points. The new z-coordinates will be g and ¢’. The change is
realized by,

{g =Z—Zn=2—f

! =/ = =/
g =z —z2,==z _f'

20
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Again using Newton’s formula, Eq. 14.20, we get
99 +9f+4'f =0,
from which comes,

!
i, + i +1=0. (14.28)
g g
This concludes the study of the ideal optical instrument. We have found the six cardinal
points, the foci, the principal points and the nodal points, solely from considering the Maxwell
model of an ideal instrument. The model is a static one; there is no mention of wavefronts,
velocities or refractive indices.



A Appendix. Vector Identities

We have already applied vectors to the parametric form of the Calculus of Variations in Chapter 1
where we also introduced the idea of a gradient vector in the context of total differentials. We
elaborate that notation further here.

It is best to think of vectors as abstract objects with direction and length that can be
represented as directed straight lines from some arbitrary but fixed coordinate origin to a point
in space whose coordinates are, say, (x, y, z). We will indicate a vector by a bold faced capital
letter, thus; P = (z, y, z). From the Pythagorean theorem its length is |P| = /22 + 32 + 22.
Then the unit vector in the direction of P, often referred to as the direction cosine vector, is

x?2+y%+ 22 =P/|P|.

Let Q = (z1, y1, 21) be a second vector. The scalar product or dot product of the two
vectors is defined as P - Q = zx; + yy; + zz;. We also use the notation P? = P - P so that
we can write the vector’s length as [P| = v/P2.

The addition of these two vectors is a third vector R = P + Q which is obtained by
translating Q parallel to itself and attaching it to the end of P. This is shown in Fig. A.1. The
square of the length of R then must be

R2=(P+Q)*=P>+Q*+2P-Q. (A.1)

Let « be the angle between P and Q and let 3 its supplement so that o + § = 180°.
Then by the law of cosines

R? = P? + Q% — 2VP2 \/Q? cos 3, (A2)
so that
P-Q=-VP2,/Q2 cos = VP2 /Q? cosa. (A.3)

Thus the scalar product of two vectors is equal to the product of their lengths times the cosine
of the subtended angle. It follows that if P and Q are perpendicular then P - Q = 0.

Next, suppose a third vector R = (p, ¢, r) is perpendicular to both P and Q. Then
R-P=0and R-Q = 0, or in scalar form

pr+qy+rz =0
(A4)
pr1+qy1 +1r21 =0,
which when solved for R yields
R=(p ¢ )=z —2y1, —v21+271, TY1 — Y1) (A.5)

The Mathematics of Geometrical and Physical Optics: The k-function and its Ramifications. O.N. Stavroudis
Copyright (©) 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40448-1
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Figure A.1: Addition of Two Vectors.

?\/\

Q

Figure A.2: Vector Product.

This is the definition of the vector product or cross product of the two vectors P and Q which
we will write as R =P x Q.
Using Eq. A.5 and the vector identity in Eq. A.3 we can get

R? = (P x Q)*=P?Q* - (P Q)? = P2Q%*(1 — cos® o) = P?Q?sin? q,

where the angle subtending P and Q as above is .

From this we can see that the vector product of two parallel vectors must vanish. It is clear
from Eq. A.5 that P x Q = —Q x P showing that the vector product does not commute.
Figure A.2 is an attempt to illustrate these relationships.

A.1 Algebraic Identities

These involve the manipulation of the vector components,

Ax(BxC)=(A-C)B- (A B)C (A.6)



A.2 Identities Involving First Derivatives

(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B:-C)
From Eq. A.6 we can get,

(AxB)x(CxD)=(AxB)-DC-(AxB)-CB
and from Eq. A.7 comes,

(AxB)?=A%?B? - (A-B).

A.2 Identities Involving First Derivatives
V-(YE)=Vy-E++V-E.
VX (YE)=VyxE+4V x E.

V(E-F)

V- (ExF)=F-(VXE)—E-(VxF),

VX (ExF)=(F-V)E— (E-V)F+E(V-F)-F(V-E).

Note the directional derivatives in Egs. A.12 and A.14.

A.3 Identities Involving Second Derivatives
Here we introduce the Lagrangian operator,

V2 = 0%/02% + 02 )oy* + 0702
V- (V®) = V20,
V(V-A)=V?A -V x (VxA),
V x (V) =0,

V- (VxA)=0.
From Eq. A.17, if A2 = constant then,

(A-V)A=-Ax(VxA).

(E-V)F+(F-V)E+Ex (VxF)+F x (VxE),

207

(A7)

(A.8)

(A9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)
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A.4 Gradient

In Cartesian terms the gradient of a function f(z,y,z) is defined as Vf
= (0f/0x,0f /0y, 0f/0z). To switch to the system of generalized coordinates we assume
that each of the arguments of f is a component of W and therefore a function of u, v and w.
We take the derivatives of f with respect to these generalized coordinates and use the chain
rule to get

o _of,  of o1
v ox " + 8yyv + 92"

of _ of of of

aiw—%xw"i_aiyyw‘kgzw
of _of . of of
ds 8xxs+8yys+8zzs

or in matrix form

Ty Yo Zv fa o
Lw Yw Zw f y = f w
Ts Ys Zs Iz [s

The determinant of coefficients is

'r'U yU Z'U
Tw Yw 2w | = ms(yvzw - ywzv) - ys('rvzw - xwzv) + Zs(x'uyw - y'uz'w)
Ts Ys s

=W, - (W, xW,)=D,

where D is defined in Eqgs. 4.8 and 6.10.
With Cramer’s rule we solve for f., fy, and f. to get

fo Yo 20
Yuw Ys Yv Ys Yv Yw
Dfe = |fuwYw 2w| = fo — fu + fs
Zg R Zs Ry Zw Ru
fs Ys 2s
G
Ty Ts Ty Ts Ty Ty
ny: Zs (waw :7.]‘-1) +fw — Js |
Zs 2w Zs Zy Zw Ru
Ts fs Zs
Ty Yo fo
Ty Tg Ty Ts Ty Loy
Df, =%y Yuw fu|= fo — fu s
Ys Yuw Ys Yo Yw Yo
Ts Ys [s
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Then the gradient of f can be written as

va:D(fxv fyv fz)

Yw Ys Yo Ys Yv Yw
= fv - fw + fs ;
Zs Zw Zs Zy Zw 2y
Tw Ts Ty Ts Ty T
_fv w — Js )
Zs Aw Zs Zy Zw Ry
T Ts Ty Ts Ty Tu
v - fw s
Ys Yw Ys Yo Yw Yo
Yw Ys Ty Ts LTy Ts
= fv y )
Zs Zw Zs Zw Ys Yuw
Yv Ys Ty Ts Ty Ts
_fw y )
Zs 2y Zs Zy Ys Yo
Yo Yw Ly T Ty T
+fs - )
Zw Zv Zw Ry Yw Yov

- (Wv X Ws)fv - (Wv X Ws)fw + (Wv X Ww)fs-
It follows from this that

V= %[(WU X Ws)fv - (WU X Wé)fw] + Wi fs. (A.21)

A.5 Divergence

Let V = (a, b, ¢). Then following the above

Ay Yo Zv by Yo 2y Co Yo Zv
Da, = |ty Y 2w |, Dby = | by Yo 2w |, Dz = | Cow Yw 2w
as Ys Zs bs Ys zs Cs Ys Zs
Ty Gy 2o Ty by 2y Ty Cy 2y
Day = |y G 2w |, Dby = |Tw bw 2w ,Dey = [Ty cw 20
Ts Gs Zs Ts bs 2 Ts Cs Zs
Lo Yov Qo Ty Yo by Ly Yo Cy

Da, = |TwYw Qw | Db, = | Xy Yo b |, DC: = | Zay Yo Coo

xs ys as IS yS bS "ES yS CS
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Then

DV -V =D(a; + by, +c,)

ay Yy 2y Ty by 24 Ty Yu Cy
- aw yw ZU} + 'IU) bw Zﬂ) + ‘T’u) yw Cﬂ)
as Ys Zs zs bs 2 Ts Ys Cs
a'U b'l) CU fo y’l) ZU 'IU yi) Z'U

= |Tw Yuw 2w | T+ awbwcw + | Tw Yw 2w

Ts Ys Zs Ts Ys Zs as bs cs

=V, - Wy XWg) =V, - (W, Xx W)+ V- (W, x W,).
It follows that the divergence of V is given by

V-V = |:V11 : (Ww X Ws) - Vw : (WU X W9) + WS : V9 (A22)

o=

A.6 Curl

The curl of the vector V is defined as follows:

VXV ={(c, by, —cy +as, by —ay).

Ty Cu Zy Ty Yo by
D(VXV): Tw Cw 2w | — xwywbw
Ts Cs Zs Ts Ys Zs

Cy Yv 2y LTy Yo Ay

y | Cw Yw 2w | T | Tw Yw Qw

Cs Ys Zs Ts Ys Qs
by Yo 2o Ty Ay Zy
) bw Yw 2w | — [ Tw Aw 2w

bs Ys 2s Ty Qs Zs



A.6 Curl

This reduces to
D (VxV)
= (bv(msyw - xwys) + Cv(xszw - xwzs)a
_Cv(ywzs - yszw) + av(xwys - xsyw)v
bv(ywzs - yszw) + av(xwzs - zszw)>

+(cw(xvzs - mszv) + bw (xvys - -Tsyv)a

Cw(yvzs - yszv) — Gy (%ys - xsyv)v
_bw(yvzs - yszv) - aw(mvzs - 1732'1;))

+( - CS($UZw - xwzv) - bs(xvyw - xwyv)y

*Cs(yvzw - ywzv) + as(xvyw - xwyv)a
bS(ywzw - ywzv) + as(mvzw - Iwzv)>

= ( — (apTs + byYs + Co2s) T + (A Tw + byl + Co2w)Ts,
7(avxs + bvys + C'Uzs)yw + (avxw -+ bvyw —+ Cvzw)ys,

—(avTs + byys + Cv2s) 2w + (ApTw + byYuw + Cvzw)zs)

+<(aw$s + bwys + szs)wv - (a’wxv + bwyv + szv)xa
(awxs + buwys + szs)yv - (awmv + by + szv)ym

(awxs + bwys + szs)zv - (awxv + bwyv + CwZU)Zs)

+< - (asxw + bsyw + Cszw)xv + (asxv + bsyv + Cszv)mwa
*(asxw + bsyw + Cszw)yv + (asl'v + bsyv + Cszv)ywv

_(asxw + bsyw + CSZw)ZU + (asxv + bsyv + Cszv)zw)~
Now switching form a scalar to a vector notation, we get
D(VxV)= (— (Vo - W)W, + (Vs -Ww)WS)
+((Vw : WS)W’U - (Vw : W’U)WS)
+< - (Vs : Ww)wv + (Vs : Wv)ww)
=(Wyu X W) xV, — (W, x W)XV, + (W, xW,)xV,.

The final result for the curl of V is then

1
VXV:B[(WU,XWS)XVU—(WUXWS)wa} T W, X V,.

211

(A.23)
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A.7 Lagrangian

The assertion is that the Lagrangian of the scalar function
Q(v, w, s) is given by

V2Q=V-(VQ)
1 0 [ QuWoy — QuW,
- B{Ww v ( D ) (A.24)

W) 4 0.0} 4 Qu

To show this, note that
QuWoy — QuW, = (VQ - W, )W, — (VQ - W)W,
=-VQ x (W, x W,) =D(W, x VQ).
Inserting this into the right member of Eq. A.24 yields,

(A.25)

1 0 0
B{Ww : % (Ws X VQ) _WU : % (Ws X VQ) +D5Qs} +st

1

_ 5{ww [(Was X VQ) + W, x (VQ),

“Wo - (W x VQ) + W x (VQ)ul + Do + Qo
1

= —{ = (W xW,),-vQ

HW X W) (TQ)y — (W, x W) - (VQ)u] + DaQu ) +Qus
- % { = DJ(W,-VQ)+ DIV - (VQ)~ (VQ),W.] + D,Q, } + Qs
— V- (VQ) = V2,

which was to be shown.

A.8 Directional Derivative

Let A = (a, b, ¢) and let P be any vector. Then

(P-V)A = ((P -Va), (P-Vb), (P vc))
- %(P Wy X Wy)ay — P - (W, x Wy)ay + D(P - W,)as,

P (W, x W,)b, — P+ (W, x Wy)by, + D(P-W,)b,,

P (Wy x Wy)e, — P (W, x W,)cy + D(P - Ws)cs)

1
== [P (W x Wy)A, — P - (W, x W,)A, + D(P - WS)AS} .
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From this we get

(P~V)A:% (W, xP) W, A, — (W, xP)-W, A,| + (W, -P)A,.

(A.26)
A.9 Operations on W and its Derivatives

Now we are able to apply these results to the vector W and its derivatives. Here we use
Eq. A.22 to get

V-W= [(waws)'wv_(WUXWS).WM]—’_W?

[2(W, x W) - W.] +1 (A-27)

o @‘»—l @‘»—l

The divergences of the derivatives are done in the same way,

V- -W, = %[(Wm X W) - W, — (W, x W,) - W] + W, - W,
= %[(WW X W) W, + (W, x W) W,]
| (A.28)
= 5[(W, x W), - W,
D,
==

Here we have made use of the fact that W,, - W = 0 and that W, = (1/D)(W, x W,,). In
exactly the same way we can get

Dy,
D .

V-W, = (A.29)

Now for the curls. First we will need the first and second fundamental quantities defined
as
E=W? F=W, W, G=W2

(A.30)
L= Ws : Wm; M= Ws : Wmu N = Ws ' Www~

The derivatives of the first fundamental quantities are as follows:
E,=2W, - W,,, Fs=W,, - W, +W, -W,,, G;=2W, W,
E,=2W, - W,,, F, =W,, W, +W, -W,,, G,=2W,-W,, (A3l
Ey,=2W, Wy, Fy =Wy - Wy, + W, - W, .. Gy =2W,, - W,
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from which we can see that

L=-E/2 M= —-F,/2 N = -Gg/2. (A.32)
In addition note that, since W, - W,, and W, - W, both equal zero,

W, Wy, =W, - W, =—-W,-W,, . (A.33)

Now turn to the calculations of the curls using Eq. A.23. First we show that the curl of W is
Zero.

1
VW=

Sl

[(Wy x W) x W, — (W, x W) x W,]
1
== —B I:(WU . WS)WU} —_ (W,U . W,w)Ws (A34)
_(Wu) : Ws)wv + (Ww : W'L;)Ws]
= 0’
from Eq. A.33. In exactly the same way we can show that V x W, = 0. Next we do W,,
which is

1

VxW,= 5[(Ww X W) x Wy, — (W, x W) X W] + W, x W,
= [(Wo - W)Wy — (W W, W,
~(Woyw - W)W, + (W - W, )W, | + W, x W,
= o5 [BWo — EW, £ 2(B, — F)W.] + W, x W,,.
(A.35)
The calculation of curl W, proceeds in the same way and is
V x W, = % [FsWy, — GW, + 2(Fy — Gy )W, | + W x W, (A.36)

A.10 An Additional Lemma

We sometimes encounter expressions of the type

Ww : Vi) - WU : Vw- (A37)
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Expand this in the following way. Let V = (£, 1, ¢) and let W = (x, y, z) so that Eq. A.37
becomes

(Tw, Yus 2w) (o Moy ) = (Tos Yos 20) - (Gw, Ny Cw)
= (0o + Yullo + 20o) — (Tobw + Yolw + 20Cw)
= Tw (&aTotEyYotEa20) + Yo (NeTo + MyYo + N220) + 20(CTo + (Yo + (20)
— &y (o +EyYuw+Ea2uw) FYo (e Tw 1y Yu + N220) 20 (Cw+yYutzetaz zy)
= (Yo2w — 20Yw)(Gy = 02) = (Tozw — 20Tw) (&2 = C) + (ToYuw — YoTw) (e — &)

= (W, x W,)-(VxV)=DW, - (VxV).
(A.38)
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